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Totally geodesic C CPC C Austere C Minimal

R", RH": Minimal + Homogeneous = Totally geodesic [Di Scala] J

Inhomogenous examples of non-totally geodesic CPC submanifolds \
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Symmetric spaces of non-compact type

M= G/K symmetric space of non-compact type, where
G =lsom’(M) K={gecG : g(o)=o}

N—

g =t @ p Cartan decomposition ~» € Cartan involution

B Killing form, non-degenerate

Inner product in g: (X,Y)g, = —B(6X,Y), X, Y €g
{ad(H) : H € a} self-adjoint commutative endomorphisms
g=29goD (@aez ga) root space decomposition

o ={Xeg: [AX]=XNA)X, forall Aca}, A €a*

e X={\€a* : g\#0}setofroots~ X=Xt UX"

Iwasawa decomposition

e g=tQadn o n=,c5+ da nilpotent

M as a Lie group

@ a®n Lie subalgebra ~~ AN ~ M free, transitive

o M = AN solvable Lie group with left invariant metric

A\
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CPC submanifolds

M1 C ¥ set of simple roots
A positive root is simple :< cannot be written as sum of positive roots

Setup of the problem

eadn o MM={aeN:2a¢ Y} o VC @, crfa

s=admeV)~S-o

In which cases is S - 0 a CPC submanifold? )

Vo C 8ay Vi C 9oy TO(S . O) =5

V:VO@Vl’\»S-O{ Vo(S - 0) = Vo @ V4

ag ag

@ Sla=0 (A- o totally geodesic) ]
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o a1 1/0(5 . O) =Voo Wi

- 1
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Vo C day Vi C gy To(S-0)=s

V:VOEBV1~>5.O{ Vo(S - 0) = Vo @ V4

@Q ol

- 1
° <VX§7 Y>AN = Z<[X7§] + [9X7§] - [X79§]7 Y>Be
@ S¢ shape operator w.rt. £ = &g+ &1 € Vo @ Vi C gap @ 9oy

° IfXGgI:

9A+ao@g>\+a1 g— )\+a0@g Mg Ir—apPIr—a;
SeX = ——([X €0t ) + X forend — [X.06 1 bcr))"

@ 71 ~ 72 < belong to the same (g, ag)-string

o (ap,a1)-string of v : {v+ nag+may €X:n,meZ}

(s oca- @ (D) .

AE(EH/~) el
S¢-invariant decomposition

Do 97
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CPC submanifolds

W C Gy Vic Gy

ag a1
@ More than two roots? =- At least two orthogonal roots

Itor  Itap+a

45 g)\+a0

@ Why not roots of different length?
|al

§€VaCga=SX =2 X

@ Why not V' C g, ® ga, diagonally?

Ifs=a®ne V)isasubalgebra= V =Vyd W



CPC submanifolds

M’ set of reduced simple roots (« € M,2a ¢ )

Let s =a® (n© V), with V subspace of @y ga- Then, S-ois CPC if
and only if:

(1) There exists a simple root A € 1" such that V C o

(1) V = Vo & Vi, with Vi C gq, for k € {0,1}, where —0
are simple roots with the same length and one of the following
statements holds:

(a) Vo® Vi = Fap D Gou

) Vo, V4 isomorphic to R

(¢) Vo, V4 isomorphic to C w.r.t. ad(T) for some T € &
) Vo, V4 isomorphic to H w.r.t. ad([) for some [ C &

@ J. Berndt, V. Sanmartin-Lépez, Submanifolds with constant principal
curvatures in Riemannian symmetric spaces, arXiv:1805.10088
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