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Einstein metrics are critical metrics for the Hilbert-Einstein
functional, £ : g — [, 7dv,, restricted to constant volume
metrics
-
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dimM = 2: Gauss-Bonnet Theorem

/ Tdvg = 2mx (M)
M

Universal 2-dimensional curvature identity

T
P—Qg
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Quadratic curvature functional

Fonei g / {al|RI[2 — 4b||p]? + cr2}dvg
M

dimM = 4: Chern-Gauss-Bonnet Theorem

/M (IR — 4[[p|? + 72} dvg = 3272 x(M)
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Weakly Einstein Conditions

(f? — ”R4”2g> +7 (p— %g) -2 (ﬁ— ”p4|2g) -2 (R[p] - ”'04”2g> =0

R; = RiabchbC» pij = piapj,  Rlplj = Riabjp™

A non-Einstein Riemannian manifold (M, g) is said to be

< . R|?
@ R-Einstein if R = ug
2
@ p-Einstein if j = @g.

NPT _ llol?
@ R[p]-Einstein if R[p] = &
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4-dimensional examples

Y. Euh, J. Park, and K. Sekigawa
M = My(c) x Ma(—c) is R-Einstein, j-Einstein and R[p]-Einstein.

[@ Y. Euh, J. Park, and K. Sekigawa, A curvature identity on a
4-dimensional Riemannian manifold, Result. Math. 63 (2013),
107-114.

Locally Conformally Flat R-Einstein Manifolds

Let M a four dimensional locally conformally flat Riemannian manifold.
Then M is R-Einstein if and only if it has vanishing scalar curvature.

An examples is
o R x¢ N(c), with f(£)? = t2 —1,t,1 — t? if c = 1,0, —1 respectively.

@ E. Garcia-Rio, A. Haji-Badali, , and M.E. Vazquez-Abal
Locally conformally flat weakly-Einstein manifolds, Arch. Math.
(Basel) 111 (2018), 549-559.
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R-Einstein Hypersurfaces in a space form Q

RM(X,Y,Z,V)=cRYX,Y,Z, V) +(SY,Z)(SX, V) — (SX,Z)(SY, V).

ROX,Y,Z, V)= {(Y,Z)}(X, V) — (X, Z)(Y,V)}

Algebraic Structure of the Shape Operator

S* — (|IS|? = 2¢)S? — (2ncH)S

1
— —{lIS?I1* = (IS1* = 20)S |1 = 2¢(nH)?} Id = 0,

1 .
where H = —trS is the mean curvature.
n
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Theorem (Intrinsic Characterization)

A hypersurface in R""1 is R-Einstein if and only if it is a warped product
R xr S"1 with £(t)? = t? — 1.

@ E. Garcia-Rio, A. Haji-Badali, ——, and M.E. Vizquez-Abal
Locally conformally flat weakly-Einstein manifolds, Arch. Math.
(Basel) 111 (2018), 549-5509.
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R-Einstein Hypersurfaces in R

Theorem (Intrinsic Characterization)

A hypersurface in R""1 is R-Einstein if and only if it is a warped product
R xr S"1 with £(t)? = t? — 1.

@ E. Garcia-Rio, A. Haji-Badali, ——, and M.E. Vizquez-Abal
Locally conformally flat weakly-Einstein manifolds, Arch. Math.
(Basel) 111 (2018), 549-5509.

Theorem (Extrinsic Characterization)

A hypersurface in R"t! is R-Einstein if and only if it is a rotation
hypersurface over a plane catenary.
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0@00
Two eigenvalues

Two different principal curvatures in S"*1, H"+!

dimV\ >dimV, > 2

In S™! we have
sm (sin_2 0) x S"=m (cos*2 9) , with tan* 6 = % J
In H™! we have
S™ (sinh ™) x H"™" (cosh™2 ) , with tanh*6 = %
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Two eigenvalues

Two different principal curvatures in S"*1, H"+!

dmVy=n-1,dmV, =1
M is locally conformally flat

x1(5)? + x(s)x)'(s) =1 =0,
[@ S. Nishikawa, Y. Maeda, Conformally flat hypersurfaces in a

conformally flat Riemannian manifold, Tohoku Math. J. 26 (1974),
159-168.
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Two eigenvalues

Two different principal curvatures in S"*1, H"+!

dmVy=n-1,dmV, =1
M is locally conformally flat

xi(s)? + xa(s)x'(s) =1 =0,

In S™1, M is a rotation hypersurface over a curve
a(t) = (x(t), x2(t), x3(t)) with

Parametrization

. / 1 - X1
x3(s) = (1 — x¥)2 cos ¢(s), 1—x3

@ M. do Carmo, M. Dajczaer, Rotation Hypersurface in Spaces of
Constant Curvature, Trans. Amer. Math. Soc 277 (1983), 685-709.
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In H™*!, M is a rotation hypersurface over a curve
a(t) = (x1(t), x(t), x3(t)) with

x1(5)* 4+ x1(s)x]'(s) + 1 =0,

Parametrization (Parallels in a Lorentzian space)

=(1+ 2y; 'hd) s s Y
xa(s) = (14 3)" sinh 6(s) wo= VErar

0 2
x3(s) = (1 +x2)7 cosh ¢(s), b
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In H™*!, M is a rotation hypersurface over a curve
a(t) = (x1(t), x(t), x3(t)) with

x1(5)* 4+ x1(s)x]'(s) + 1 =0,

Parametrization (Parallels in a Riemannian space)

x0(s) = (=1+x)* sin g(s), /stIg??d
— 5 L — ~do.
0

x3(s) = (—1 + x2)? cos ¢(s),
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Two eigenvalues

Two different principal curvatures in S"*1, H"+!

In H™1, M is a rotation hypersurface over a curve

a(t) = (x(t), xa(t), x3(t)) with
x1(s)* +x(s)x(s) + 1 =0,

Parametrization (Parallels in a degenerate space)

x3(s)xa(s)—x1(s)xa(s) = \/xa(s) — x1(s)

[ iR

_Xl
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[ 1o}

Three eigenvalues

Three different principal curvatures in S° and H®

Algebraic characterization for S

2ncH + (A + Ag) (|ISI1? —2c — A2, — A3) =0.

In S®, solutions are

_ 1IN 1 _ I )4
S = diag [0,0,2,7} and S =diag [)\7)\, 1+vi-A 1 1-2 1 .
Y

A ’ A

In H®, solutions are

S = diag [0,0, 2,7] and S = diag [)\,)\,
Y

14+vVI- )4 1\/1>\4]
) ’ ) '
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Three eigenvalues

Three different principal curvatures in S° and H®

Algebraic Structure:

+2
S =diag [0, 0, 777}

There does not exist a hypersurface in S® (respectively H°) with 0 as a
principal curvature of multiplicity two and two others simple principal
curvatures u and +y satisfying puy = —2 (respectively py = 2).
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Three eigenvalues

Three different principal curvatures in S° and H®

Algebraic Structure:

F1+V1I-XM Fl-—v1-)\*

=diag [\, A
S Iag Y A 9 A

Let M" — Q7" be a hypersurface with principal curvatures )\, 1 and
2 where A has multiplicity r > 2 and p1 and po are simple. Assume that
wi = pi(A) for i =1,2. Then M is a rotation hypersurface over an

umbilical-free surface L2 — Q3.
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Three eigenvalues

Three different principal curvatures in S° and H®

Algebraic Structure:

Fl+V1I-XM Fl1-v1-)\*

S =diag |\ A h\ ) b\

Corollary

Let M* — Q% a hypersurface with principal curvatures A, x and
where A\ has multiplicity two and p and ~ are simple and depends on A.
Assume that

2
wy =X and u+7::FX.

Then M is a rotation hypersurface over an umbilic-free surface

g: L%~ Q3 g=(g1,82, 83,84), such that the following conditions hold:
@ g is a harmonic function on L.
Q@ +1—||gradg||?> = Kg2, where K is the Gaussian curvature of L2.

v
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~ (ISI ~ 26)8% — (%1 ~ (IS — 20) 18112} 14 = 0 J




R-Einstein Hypersurfaces in space forms
[¢] lele]e}
Four eigenvalues

Four different principal curvatures in S°

~ (ISI ~ 26)8% — {IS%1> ~ (IS — 20) 18112} 1d = 0 J

N WSW ~2)+ VISP _

N = \/(|5l2 —2) - \/HS;II2 —2AlslP=2) _

and so
IS117 = 2X% +2X5 = 2(||S|)* - 2),



R-Einstein Hypersurfaces in space forms
[¢] lele]e}
Four eigenvalues

Four different principal curvatures in S°

~ (ISI ~ 26)8% — {IS%1> ~ (IS — 20) 18112} 1d = 0 J

N WSW ~2)+ VISP _

N = \/(|5l2 —2) - \/HS;II2 —2AlslP=2) _

and so
IS117 = 2X% +2X5 = 2(||S|)* - 2),
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The only minimal submanifold into the sphere with ||S||> = 4 is the
product S™ (*/Tﬁ) x St—m (#)

[@ S-S. Chern, M. do Carmo, S. Kobayashi, Minimal Submanifolds of a
Sphere with Second Fundamental Form of Constant Length,
Springer-Verlag, Berlin and New York (1970), 59-75.
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Four eigenvalues
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The only minimal submanifold into the sphere with ||S||> = 4 is the
product S™ (‘/TE) x St—m (#)

[@ S-S. Chern, M. do Carmo, S. Kobayashi, Minimal Submanifolds of a
Sphere with Second Fundamental Form of Constant Length,
Springer-Verlag, Berlin and New York (1970), 59-75.

There are no examples of R-Einstein hypersurfaces in S® with four
different principal curvatures.
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