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CR-submanifolds
M Hermitian manifold, J complex structure
Definition
M c M CR-submanifold if
ToM =0, @Ay, Vpe M,

where:
e A, complex subspace of T,M (JA, C Ap)
° A,f totally real subspace of T,M (A,f 1 JA#)

Examples
@ Complex submanifolds
@ Totally real submanifolds

@ Real hypersurfaces
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Motivation

Problem

To classify homogeneous CR-submanifolds of CH"

e Homogeneous real hypersurfaces (Berndt-Tamaru)
@ Homogeneous complex submanifolds (Di Scala-Ishi-Loi)
@ Homogeneous Lagrangian submanifolds

H < AN (Hashinaga-Kajigaya)

Our problem

To classify those CR-submanifolds of CH" given by the action of H < AN.
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The isometry group of CH"

o CH" symmetric space = CH" = G/K
G = Isom®(CH") = SU(1, n)
K = G, = S(U(1)U(n)), o € CH"

g =t @ p Cartan decomposition

a C p maximal abelian subspace, a ~ R

For A € a*, gy = {X € g: [A X] = A(A)X,VA € a} root spaces
Y = {+a,+2a} set of roots

g=0-20 PI—a P go D go ® g2n root space decomposition

Yt = {a,2a} positive roots

N = go D gono nilpotent Lie algebra

g=t® adn lwasawa decomposition - G = KAN

e a @ n solvable part: Ja = gza, Jga = oy Ga ~ C"1
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Lemma
G = Isom®(CH"), o € CH", H < G connected subgroup, Lie(H) = b.

M = H .o CR-submanifold < hHean =c@r.

Example
o G=KAN, g=t®adn, wheren=g,®D gon
@ w' C g, totally real vector subspace of dimension k

°ow=g,On"
@ s =ad D gy, Lie subalgebra with associated Lie group S

W?2n—k — S . o Berndt-Briick submanifold of CH" )

W2k is a CR-submanifold
1

s = (@ cDgon) ® Jo- |, where c=wo Jw

totally real

complex
v




Lemma
G = Isom®(CH"), o € CH", H < G connected subgroup, Lie(H) = b.

M = H -0 CR-submanifold < hagn =c®r.

Example
o G=KAN, g=tBadn, where n =g, D gon
@ w' C g, totally real vector subspace of dimension k

°ow=g,ow"
@ 5 =ad P gy, Lie subalgebra with associated Lie group S

W2n—k —=56.0 homogeneous, minimal, ruled by CH"—*k

W2k is a CR-submanifold
L

s = (a®c®gon) ® Jot |, where c=wo Jw

totally real

complex
v




Main result

Our problem
To classify those CR-submanifolds of CH" given by the action of H < AN.J

Theorem

Let H < AN be a connected subgroup acting on CH" in such a way that
the orbit M = H - o is a CR-submanifold. Then, its Lie algebra b is
conjugated to one of the following

Q@ bh=r or

Q@ h=adr, or

Q@ Hh=cDrDgo,, or
Qh=aPcBrd go,

where v, ¢ C gq, t is a totally real subspace and ¢ is a complex one.
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Idea of the proof

Q@ Lemma: h = complex & totally real
Q pr: g — a go, projection onto a P go,
@ pr(h) € {0, a, g2a, R(aB + bZ), a ® gon}, where B € a, Z € go,
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Idea of the proof

@ Lemma: h = complex @ totally real
Q pr: g — a go, projection onto a P go,
o pr(h) € {03 a, 92a;, R(QB + bZ)7 a®920¢}, where B € a, Z € g2c

pr(h) =a: h =R(B+ X) @ v, for v C go, X € go S to. Let U,V € to.
@ Due to the properties of the Lie bracket of a ¢ n,

2[U, V] = (JU,V)Z = (JU, V) = 0 = 1o totally real subspace,
2B+ X, Ul=U+ (UX,U)Z = (JX,U) =0= X L Crw.

o (J(B+X),U)=(Z+ JX,U)=0= b totally real subspace.
o Ad(Exp(2X))h = 224X)h = a @ 1.



Main result

Theorem

Let H < AN be a connected subgroup acting on CH" in such a way that

the orbit M = H - o is a CR-submanifold. Then, its Lie algebra b is
conjugated to one of the following

@ h =t ~ H-o isa horosphere in a totally geodesic RHX,
@ h=adrt ~ H-ois a totally geodesic RH¥,

Q@ h=tDc®gon ~ H-o0isa direct product of a horosphere in a
totally geodesic CH* and a horosphere in a totally geodesic RHY,

Qbh=adrtdcDgon ~ H-o isthe Berndt-Briick submanifold
W?2m=k in a totally geodesic CH™,

where t,¢ C gq, t is a totally real subspace and ¢ is a complex one.
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