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One of the aims of submanifold geometry is to understand
geometric invariants of submanifolds and to classify submanifolds
according to given geometric data.

In Riemannian geometry, the structure of a submanifold is encoded
in the second fundamental form.

We are interested in certain submanifolds, called contact
CR-submanifolds, of S7(1), which are (nearly) totally geodesic.
We study certain conditions on the structure F and on h of CR
submanifolds of maximal CR dimension in complex space forms
and we characterize several important classes of submanifolds in
complex space forms.

We also show some results on CR submanifolds of the nearly
Kahler six sphere.
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Let (M, g) be an (n+ p)-dimensional Riemannian manifold with

Levi Civita connection V
and let M be an n—-dimensional submanifold of M with the
immersion 2 of M into M,

whose metric g is induced from g in such a way that

g(X,Y)=g(X,2Y), X,Y € T(M).

We denote by T(M) and T+(M) the tangent bundle of M and the
normal bundle of M, respectively.
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Then, for all X, Y € T(M), we have

xtY = iVxY+h(X,Y),

<

The tangent part defines the the Levi-Civita connection V with
respect to the induced Riemannian metric g,

The normal part h defines the second fundamental form,
symmetric covariant tensor field of degree two with values in
TH(M).
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We have further, for all £ € T-(M)

Vix€ = —1AX + Dx&,

It is a easy to check that A¢ (the shape operator with respect to
the normal &) is a linear mapping from the tangent bundle T (M)
into itself and that D defines a linear connection on the normal
bundle T+(M). We call D the normal connection of M in M.

h and A¢ are related by

g(h(X,Y), &) = g(A:X, Y).
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M. Djori¢, M. Okumura, Certain condition on the second
fundamental form of CR submanifolds of maximal CR
dimension of complex hyperbolic space, Ann. Glob. Anal.
Geom., 39, (2011), 1-12.
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3 J. Berndt, Uber untermannifaltigkeiten von komplexen
Raumformen, Dissertation, Universitat zu Koln, 1989.

[§ J. Berndt, J. C. Diaz-Ramos, Real hypersurfaces with constant
principal curvatures in complex hyperbolic space, J. London
Math. Soc., (2) 74, 778-798, (2006).

[ J. Berndt, J. C. Diaz-Ramos, Real hypersurfaces with constant
principal curvatures in the complex hyperbolic plane, Proc.
Amer. Math. Soc., (10) 135, 3349-3357, (2007).
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Main Theorem Let M be a complete n—dimensional CR

submanifold of maximal CR dimension of a complex hyperbolic
ntp ..

space CH 2 . If the condition

h(FX,Y)—h(X,FY)=g(FX,Y)n, n e TL(M)

is satisfied, where F is the induced almost contact structure and h
is the second fundamental form of M, respectively, then F is a
contact structure and M is an invariant submanifold of M by the
almost contact structure F of M, where M is a geodesic
hypersphere or a horosphere, or M is congruent to one of the
following:

(i) a tube of radius r > 0 around a totally geodesic, totally real
hyperbolic space form H"TH(—l);

(ii) a tube of radius r > 0 around a totally geodesic complex
hyperbolic space form CH%I(—4);

(iii) a geodesic hypersphere of radius r > 0,

(iv) a horosphere;

(v) a tube over a complex submanifold of CH': .
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Let M be an almost Hermitian manifold with the structure (J, g).

J is the endomorphism of the tangent bundle T(M) satisfying

SP=-

Z is the Riemannian metric of M satisfying the Hermitian condition

Z(UX,JY)=g(X,Y), X,Y e T(M).
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The fundamental 2-form, (K&hler form) Q of M is defined by
QX,Y)=g(JX,Y)

for all vector fields X and Y on M.

If a complex manifold (M, J) with Hermitian metric g satisfies

dQ) =0, then (M, J) is called a Kahler manifold.

A necessary and sufficient condition that a complex manifold

(M, J) with Hermitian metric is a Kahler manifold is VxJ = 0 for
any X € T(M).

Here V is the Levi-Civita connection with respect to the Hermitian
metric g.
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Let M’ be a real hypersurface of M
and let ¢ be the unit normal local field to M'.
Then

JZ]_X/ = ZlF/X/+U/(X/)§7
JE = U,

where F' is a skew symmetric endomorphism acting on T(M’),
U e T(M), J is a one form on M'.
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Y.Tashiro,
On contact structure of hypersurfaces in complex manifold I,

Téhoku Math. J., 15, 62-78, (1963).
By iterating J on i1 X’ and on &, we easily see
F/2X/ — X' + UI(X/)U/,
g/(U/7X/) — u/()(/)7 U/(Ul) — 17
U (FX)=0, FU=0.

Thus the real hypersurface M’ is equipped with an almost contact
structure (F’, u’, U’), naturally induced by the almost Hermitian

structure on M.
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CR submanifolds of maximal CR dimension

Hy(M) = T (M) N JT (M)

is called the holomorphic tangent space of M.

Hx(M) is the maximal J-invariant subspace of T,(M).

n—p<dimpgH(M)<n
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M is called the

Cauchy-Riemann submanifold

or briefly CR submanifold if H, has constant dimension for any
x € M.

B

R. Nirenberg and R.O. Wells, Jr., Approximation theorems
on differentiable submanifolds of a complex manifold, Trans.
Amer. Math. Soc. 142, 15-35, (1965).
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Examples (CR submanifolds of a complex manifold)
e J-invariant submanifolds.  J1T,(M) C 1 T(M),

He(M) = To(M), dimgHx (M) = n

@ Real hypersurfaces.
dimgpHy(M) = n— 1.

@ Totally real submanifolds.

H,(M) = {0} holds at every point x € M.
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A submanifold M of M is called a CR submanifold if there exist
distributions H and H~+ of constant dimension such that
HOHL=TM, JH=H, JH+ C T+ M.

ERY Bejancu, CR-submanifolds of a Kahler manifold I, Proc.
Amer. Math. Soc., 69, 135-142, (1978).
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Let M" be a CR submanifold of maximal CR dimension

| dimg(JT.(M) N T(M)) = n—1 |

at each point x of M

Then it follows that M is odd—dimensional and that there exists a
unit vector field & normal to M such that

\ JT(M) C T (M) @span{fx}\

for any x e M
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e real hypersurfaces of almost Hermitian manifolds M;

@ real hypersurfaces M of complex submanifolds M’ of almost
Hermitian manifolds M;

@ odd-dimensional F’-invariant submanifolds M of real
hypersurfaces M’ of almost Hermitian manifolds M, where F’
is an almost contact metric structure naturally induced by the
almost Hermitian structure on M.
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Defining a skew—symmetric (1, 1)-tensor F from the tangential
projection of J by

J1X =1 FX 4+ u(X)E,
for any X € T(M), the Hermitian property of g implies that the
subbundle T{*(M) = {n € TH(M)|g(n, &) = 0} is J-invariant,
from which it follows

JE= U, g(U,X)=u(X), Ue T(M).

Here, U is a tangent vector field, u is one form on M. Also, from
now on we denote the orthonormal basis of T+(M) by
55613 o 7€q)€1*5 cee aéq*v where fa* = Jéa and q= pT_l
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F?X = —X+uX)U,
FU = 0,
g(U,X) = u(X)

(F,u, U, g) defines an almost contact metric structure on M
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B
M. Djori¢, M. Okumura,
CR submanifolds of complex projective space,
Develop. in Math. 19, Springer, (2009).
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The first half of the text covers the basic material about the
geometry of submanifolds of complex manifolds. Special topics
that are explored include the (almost) complex structure, Kahler
manifold, submersion and immersion, and the structure equations
of a submanifold.
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The second part of the text deals with real hypersurfaces and CR
submanifolds, with particular emphasis on CR submanifolds of
maximal CR dimension in complex projective space.
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@ eigenvalues of the shape operator of CR submanifolds of
maximal CR dimension

@ Levi form of CR submanifolds of maximal CR dimension

@ CR submanifolds of maximal CR dimension satisfying the
condition h(FX,Y)+ h(X,FY) =0

@ contact CR submanifolds of maximal CR dimension
h(FX,Y)—h(X,FY)=g(FX,Y)n

@ invariant submanifolds of real hypersurfaces of complex space
forms

@ the scalar curvature of CR submanifolds of maximal CR
dimension
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h(FX,Y)+ h(X,FY) =0

— ntk .. . e
@ M =C"z , then M is isometric to E", S" or S?P+1 x Er—2p-1,

o M= (CIF’%I(, then M is isometric to ng, for some p, q
satisfying 2p +2q =n—1;

o M =CH", then M is isometric to M;; or M (r), for some
p, q satisfying 2p +2qg = n — 1.

[ M. Djori¢, M. Okumura,
Certain CR submanifolds of maximal CR dimension of complex

space forms,
Differential Geometry and its Applications, 26/2, 208-217,

(2008).
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@ M. Djori¢, M. Okumura,
Normal curvature of CR submanifolds of maximal CR
dimension of the complex projective space, Acta Math.
Hungar. (2018) 156 (1):82-90

Let M be an n-dimensional CR submanifold of CR dimension ”51

of a complex projective space. If the distinguished normal vector
field & is parallel with respect to the normal connection, the normal
curvature of M can never vanish.

Namely, there do not exist CR submanifolds M” of maximal CR

dimension of a complex projective space P#(C) with flat normal
connection D of M, when the distinguished normal vector field is
parallel with respect to D.
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R+ is the curvature tensor associated with the normal connection
D (also called the normal curvature of M in M), i.e.

Rx y€a = DxDy& — Dy Dx&; — Dix y|éa-

If the normal curvature R+ of M in M vanishes identically, we say

that the normal connection of M is flat.
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It is well known that an odd-dimensional sphere is a circle bundle
over the complex projective space.

For an n-dimensional submanifold M of the real .

(n+ p)-dimensional complex projective space Pz (C), let 7~ X(M)

be the circle bundle over M which is compatible with the Hopf map
7 SR PP (C).

Then 7=1(M) is a submanifold of S™+P*1,

If the normal connection of 7=(M) in S"P*1 is flat, we say that
the normal connection of M is lift-flat, or L-flat.
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7r_1(M) ! gntp+l

M" ——— P%(C)
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Theorem

Let M be a real n-dimensional CR submanifold of maximal CR
dimension of the complex projective space P%(C). If the normal
connection of M in P%(C) is lift-flat and the distinguished
normal vector field £ is parallel with respect to the normal
connection, then there exists a totally geodesic complex projective
subspace P%I(C) of P¥(C) such that M is a real hypersurface

n+1

of P2 (C).
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CR submanifolds in S°

A nearly Kahler manifold is an almost Hermitian manifold
(M, g, J) for which the tensor VJ is skew-symmetric:

(Vx))Y +(Vy)X =0, X,Y € TM.

These manifolds were intensively studied by A. Gray in

@ A. Gray, Nearly Kihler manifolds, J. Diff. Geom. 4 (1970),
283-309.
The first example was introduced on S® by Fukami and Ishihara in

[ T. Fukami, S. Ishihara, Almost Hermitian structure on S,

Tohoku Math. J. (2), Volume 7, Number 3 (1955), 151-156.
A well known example is the nearly Kahler 6-dimensional sphere,
whose complex structure J can be defined in terms of the vector
cross product on R’ .
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The case of 6-dimensional nearly Kahler manifolds is of particular
importance because of several results:

-the structure theorem of Nagy

P-A. Nagy, On nearly-Kahler geometry, Ann. Global Anal. Geom.
22 (2002), no. 2, 167-178.

asserts that a nearly Kahler manifold of arbitrary dimension may be
expressed as the Riemannian product of nearly Kihler manifolds of
dimension 6;

- Butruille in

J.-B. Butruille, Homogeneous nearly Kahler manifolds, in:
Handbook of Pseudo-Riemannian Geometry and Supersymmetry,
399-423, RMA Lect. Math. Theor. Phys. 16, Eur. Math. Soc.,
Ziirich, 2010.

showed that the only nearly Kahler homogeneous manifolds of
dimension 6 are the compact spaces S°, S3 x S3, CP? and the flag
manifold of C3, SU(3)/U(1) x U(1) (where the last three are not
endowed with the standard metric);
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[ M. Djori¢ and L. Vrancken, Three-dimensional minimal CR
submanifolds in S° satisfying Chen's equality, J. Geom. Phys.,
56 (2006) 11, 2279-2288.

Theorem

Let M be a 3-dimensional minimal CR submanifold in S® satisfying
the Chen'’s equality. Then M is a totally real submanifold or locally
M is congruent with the immersion

f(t,u,v) = (costcosucosv,sint,costsinucosv,

cos t cos usin v, 0, — cos tsin usin v, 0).
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We notice that this immersion can also be described algebraically
by the equations

xs=0=x7, XX +xX3+x3+x3+x2=1, x3x4+x1x =0,

from which we see that it can be seen as a hypersurface lying in a
totally geodesic S*(1).
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In

[§ B.-Y. Chen, Some pinching and classification theorems for
minimal submanifolds, Archiv Math. (Basel) 60 (1993),
568-578.

Chen introduced a new invariant, nowadays called §(2), for a

Riemannian manifold M. More precisely, this invariant is given by:

5(2)(p) = 7(p) — (inf K)(p),

where

(inf K)(p) = inf {K(m) |7 is a 2-dimensional subspace of T,M}.

Here K () is the sectional curvature of m and 7(p) = > K(ej A )
i<j

denotes the scalar curvature defined in terms of an orthonormal

basis {e1,..., e} of the tangent space T,M of M at p.
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Later, in

[@ B.-Y. Chen, Pseudo-Riemannian Geometry, é-invariants and
Applications, Word Scientific, Hackensack, NJ, 2011.
Chen introduced many other curvature invariants.

One of the aims of introducing these invariants is to use them to
obtain a lower bound for the length of the mean curvature vector
for an immersion in a real space form M(c).

A submanifold is called an ideal submanifold, for that curvature
invariant, if it realizes equality at every point.
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For a submanifold M" in a Riemannian manifold M(c) of constant

sectional curvature ¢, the following basic inequality involving the

intrinsic invariant 6(2) and the length of the mean curvature vector

H= %trace h was first established in

[§ B.-Y. Chen, Some pinching and classification theorems for
minimal submanifolds, Archiv Math. (Basel) 60 (1993),
568-578.

1

PO e s L 2)(n 4 e

) =50
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Contact CR submanifolds in S’

Almost contact metric manifolds

A differentiable manifold M?™+1 is said to have an almost
contact structure if it admits a (non-vanishing) vector field £ (the
so-called characteristic vector field), a one-form 7 and a

(1, 1)-tensor field ¢ (frequently considered as a field of
endomorphisms on the tangent spaces at all points) satisfying

n€) =1, ¢*=-1+n®¢,

where | denotes the field of identity transformations of the tangent
spaces at all points. These conditions imply

e w¢=0

@ now =020,

@ endomorphism ¢ has rank 2m at every point in M.

A manifold M, equipped with an almost contact structure
(§,m,¢) is called an almost contact manifold and will be
denoted by (M, &, n,¢).
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Suppose that M2m+1 is a manifold carrying an almost contact
structure. A Riemannian metric & on M satisfying

(X, pY)=E(X,Y) —n(X)n(Y)

for all vector fields X and Y is called compatible with (or
associated to) the almost contact structure, and (&, 7, ¢, &) is said
to be an almost contact metric structure on M.

 is skew-symmetric with respect to g and & is unitary.
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(&,m, ¢, ) is called a contact metric structure and

M(&,n,, &) is a contact metric manifold if

dn(X,Y) = g(¥X,Y)
M2m+1 (¢ n, p, §) is Sasakian if

(6X90)Y =—g(X,Y)§+n(Y)X, X,Y € X(M)
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Contact CR-submanifolds. The odd dimensional analogue of
CR-submanifolds in (almost) Kahlerian manifolds is the concept of
contact CR-submanifolds in Sasakian manifolds. B

Namely, a submanifold M in the Sasakian manifold (M, ¢, &, 7, &)
carrying a -invariant distribution D, i.e.

¢pDp € Dp,

for any p € M, such that the orthogonal complement D+ of D in
T(M) is p-anti-invariant, i.e.

1 1
opDy C Ty M,

for any p € M, is called a contact CR-submanifold.
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This notion was used by A. Bejancu and N. Papaghiuc in

A. Bejancu and N. Papaghiuc, Semi-invariant submanifolds of
a Sasakian manifold,
An. St. Univ. Al. I. Cuza lasi, Matem. 1 (1981), 163-170.

using the terminology semi-invariant submanifold.

It is customary to require that £ is tangent to M rather than
normal, which is too restrictive, since Prop. 1.1 p.43 in

K. Yano and M. Kon, CR submanifolds of Kaehlerian and Sasakian
manifolds, Progress in Math., vol. 30, Birkhauser, 1983.

implies that M must be -anti-invariant. Oblique position of £
leads to highly complicated embedding equations.
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The Sasakian structure on S2™+1(1).

It is well-known that the (2m + 1)-dimensional unit sphere
S?™H(1) = {p e R*™2: (p,p) = 1}

where ( , ) is the usual scalar product in R2™+2 carries a natural
Sasakian structure induced from the canonical complex structure
of R2m+2
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Namely, identifying R2™+2 with C™*1, with J denoting the
multiplication with the imaginary unit i = /—1, on R?>™*2 since
at any point p € S?™*+1(1), the outward unit normal to sphere
coincides with the position vector p, we put £ = Jp to be the
characteristic vector field.

For X tangent to S>™+1, JX fails in general to be tangent and we
decompose it into the tangent and the normal part, respectively

IX =X = n(X)p.

Thus, S?™*1(1) is equipped with an almost contact structure
(p,n,&). Together with the induced metric, this structure is
Sasakian.
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Let M be a contact CR-submanifold of S7(1).

T(M)=H(M) & E(M) & RE,

where
pH(M) = H(M),  wE(M)C T*M,
TH(M) = pE(M) ® v(M)
We have:
s+q+r=3
where 2s = dim(H(M)), g = dim(E(M)), 2r = dim(v(M)).
Then:

|. s=gq=r=1, hence dim(M) =4
Il. s=1,g=2, r =0 hence dim(M) =5
lll. s=2,g=1, r=0hence M is a hypersurface in S’
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It is straightforward to show that a proper contact CR submanifold
can never be totally geodesic.

A contact CR submanifold is called nearly totally geodesic if M
is simultaneously H(M)-totally geodesic and E(M)-totally
geodesic, namely if

h(H(M), H(M)) =0 & h(E(M), E(M)) = 0.

Problem. Find all proper nearly totally geodesic contact CR
submanifolds in S*.
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M. Djori¢, M.I. Munteanu, L. Vrancken, Four-dimensional
contact CR-submanifolds in S”(1), Math. Nachr. 290 (16)
(2017), 2585-2596.
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Let M be a 4-dimensional nearly totally geodesic contact
CR-submanifold in S”. Then M is locally congruent with one of
the following immersions:

F(u,v,s, t) = (cosssin t e costsinv elH,

o \ )
—sinssint e’ cos tcosv e’““)

Q@ F:S*xR—RE F(y,t)=(cost y,sinty), |lyl|=1

o

F(u,v,s,t) = (/") cos t cos u, e~V sin t, e/(5+¥) cos t sin u, 0)
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[ M. Djori¢, M.I. Munteanu,
Five-dimensional contact CR-submanifolds in S”(1), in
progress.
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M. Djori¢, M.l. Munteanu, On certain contact
CR-submanifolds in S”, to appear in Contemporary
Mathematics AMS (2020).

We constructed several examples of four-dimensional and
five-dimensional contact CR-submanifolds of product and warped
product type of seven-dimensional unit sphere, which are nearly
totally geodesic, minimal and which satisfy the equality sign in
some Chen type inequalities.
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Theorem

Let M = S3 x S? be the contact CR-submanifold (of warped
product type) in S’ defined by the isometric immersion
F:M=8S>x8—¢§7
F(x1,y1, %2, y2; u, v, w) = (xau, yiu, X1v, y1v, xaw, yiw, X2, y2).
Then
(i) M is nearly totally geodesic;
(i) M is minimal;
(iii) M satisfies the equality in the Chen type inequality

c+3

1A > 2p |||V Inf]|> = Alnf + s+l

(iv) M satisfies the equality in the Chen type inequality

1AIP = 2p ([IV In £+ 1).
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Remarks:
1. In order to have an isometric immersion we need to consider on
M the warped metric

gV = gS3+f2ggz, where f: D C S° — R, f(x1,y1,%2,¥2) = X12 +y12.

2. M = Ny x¢ N> is a contact CR warped product of a Sasakian
space form M2™+1(¢), if M is a contact CR-submanifold in M,
such that Nj is p-invariant and tangent to &, while Ny is
(p-anti-invariant.

Let us remark that dim(N;) = 2s+ 1 and dim(No) = p, c = 1.
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3
€t s+1]|.

|h||> > 2p [HVIanz—Alnf—i-

Here f is the warping function which has to satisfy £(f) = 0 and
Af is the Laplacian of f defined by

k
Af = — div Vf = Z {(Vee)f —eiei(f)},
j=1
where Vf is the gradient of f and {ey,..., ek} is an orthonormal

frame on M.
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Finally, let us consider the immersion

F:M=S3xS! —§7
F(leylaXZayZ; u, V) = (X1U7YIU7X1UaY1VaX27Y27070),

with the warped metric

gV = gg3+f2ggl, where f: D S? — R,  f(x1,y1,%x2,)2) = \/X% —|—y12.

@ F is an isometric immersion;

o M =S3 x S is the contact CR-submanifold (of warped
product type) in S defined by the isometric immersion F;

@ M is nearly totally geodesic;

@ M is minimal;

@ M satisfies the equality in the two Chen type inequalities (as

in the previous theorem);
e M is a §(2)-ideal in S7.
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