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Abstract: This talk is going to be a survey talk of results, ideas and ques-
tions about the normal holonomy group of complex submanifolds of complex
space forms.
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Olmos’ Normal Holonomy Theorem (NHT). [O90].
NHT C": The extrinsic De Rham splitting; [D00]
NHT CP": work with D.V. Alekseevsky; [AD0A4]

NHT CP": works with S. Console and C. Olmos; [CD09,
CDO11]
4.1 An extrinsic Berger type theorem; [CDO11] . . ... ..

NHT CP": work with F. Vittone. [DV17]

Two open problems.



1 Olmos’ Normal Holonomy Theorem (NHT).
(090).

41
Theorem 3.1. Let M" be an immersed submamfofﬂ}f a Riemannian manifold M C m
Q‘"’r of constant curvature. Let p € M and let®_be the restricted holonomy
group of the normal connection at p. The ._ there exists a unique
(up to order) orthogonal decomposition of e space at p, N(M), = A
*V,@:--@V,, into O -invariant subspaces, and there exist ¥, ... , P, normal TR = TM 6 VM
Lie subgroups of ®° such that: \ ’

(i) ¢'=$n><---><d{ (direcfproduc!).é—’— — :EE = <A ﬂ V%

(1) ®, acts trivially on v, ifi#].
(1) ®, = {1} and, if i > 1|, ®, acts irreducibly on V, as the isotropy
representation of a simple Riemannian symmetric space.

¥

The above theorem plays a central role in the theory of isoparametric
submanifolds or more in general in the theory of submanifolds with constant
principal curvatures [BCO16].

An important Theorem of Thorbergsson shows that a full an irreducible
isoparametric submanifold of R" of codimension greater than 2 is an orbit of
an s-representation.



2 NHT C": The extrinsic De Rham splitting;
[D0O]
] J

Theorem 1.1 A complex isometric full immersion of a simply connected
complete Kiihler manifold f : M — CV is irreducible, up a totally geodesic
factor, if and only if the normal holonomy group acts irreducibly.



3 NHT CP": work with D.V. Alekseevsky;
ADO04]

Motivations ?

It turns out that Olmos NHT is not true if the submanifold
is not full.

THEOREM 1. Let 8! = CP".C",CH" be the complex space form of holomor-
phic constant sectional curvature ¢ and M C S be a Kahler submanifold. If the
normal holonomy group Hol,(V*) C SO(N,(M)) of M at a point p€ M acts
irreducibly on the normal space N,(M) then Hol (V*) is linearly isomorphic to
the isotropy group of an irreducible Hermitian symmetric space, that is, one of the
groups in Table 1. In particular, this is true if M C C" is a locally irreducible
Kahler submanifold of C".

TABLE 1. Isotropy representations K < SO(V) of compact irreducible
Hermitian symmetric spaces G/K.

G/K K V
Gr,(C"*?) := SU(p + q)/S(U(p) x Ulq)) S(U(p) x U(q)) CraCt
SO(2n)/U(n) U(n) A (C")
Gr,(R""*) := SO(n + 2)/SO(2) x SO(n) SO(2) % SO(n) R°QR"
Sp(n)/U(n) U(n) S*C”
E/T" - Spiny, T' - Spiny, c'e
E. /T - E; T - Eg C*

Kahlen - Evormrn
‘Vbl‘ﬂ .¢
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TueOREM 12, Let (M™.g) C CP" be a non-full and non-totally geodesic
Kahler—Einstein submanifold with Ricci tensor Ricyy =k-g. Let CP™ C CP"

be the totally geodesic Kahler submanifold of CP" such that M is full in CP™.
Then,

B m—-—m
b m+1-k/2

where p is the invariant of Definition 1.
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4 NHT CP": works with S. Console and C.

Olmos; [CD09, CDO11]

Parallel submanifolds of complex projective space

Lad

Table 1 Symmetric complex submanifolds M C P(7xG/K)

Hermitian symmetric space G/ K M as complex K -orbit Normal holonomy Remarks
Eq Eg S0(12)
T!. E, T . Spiny T!.50010)
Eg SO10) U6)
Tl . Spinyg U/ (5) U(5)
Spin+1) Spin)
— = cp” Veronese
Utn+ 1) = Un) >
SO+ 2) _ U2)
Gri(R"3) = =0 Gry (R™) — uadrics
2 V. S0Mn) 2 U Q
S50(2n) SO(2(n - 2))
Gra(C" Pliick
U(n) g adh Uln —2) e
sSv b sU b—-2
G"niC”"‘"’. = (a 4+ D) CP"_I " CP,,__,-I la + ) chn:

StUa) x Ub))

StUWa-=1) xUb-=1))

The space in the third column is the Hermitian symmetric space whose isotropy representation gives the normal

holonomy action

Note: the two exceptional spaces and the quadrics Q,, n ¢

{1,2,3,4,6,10} are not in the third column



4.1 An extrinsic Berger type theorem; [CDO11]

d

Theorem 2 The normal holonomy group of a complete irreducible and full immersed
complex submanifold of C" acts transitively on the unit sphere of the normal space.
Indeed, ®+ = U (k), where k is the codimension of the submanifold.

Theorem 1 Let M be a full and complete complex projective submanifold of CP".
Then the following are equivalent:

(1) The normal holonomy is not transitive on the unit sphere of the normal space (i.e.,
different from U (k), k = codim (M), since it is an s-representation).
(2) M is the complex orbit, in the complex projective space, of the isotropy repre-

sentation of an irreducible Hermitian symmetric space of rank greater or equal ==
to 3.
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5 NHT CP": work with F. Vittone. [DV17] 'V

Theorem 1. Let M < C" be a full and irreducible complex submanifold (non necessarily
complete w.r.t. the induced metric of C"). Let Hol*(M,V*) be the restricted normal
holonomy group of M. If the action of Hol*(M,V*) is non-transitive on the unit sphere
of the normal space then there exists an irreducible bounded symmetric domain D C C"
(realized as a circled domain) such that M is an open subset of the smooth part of the
Mok's characteristic cone CS?(D) for 1 < j < rank(D) — 1.

Conversely, for any irreducible bounded symmetric domain D C C", the restricted
normal holonomy group of an open subset of the smooth part of the cone CS?(D) for
1 < j < rank(D) — 1 acts irreducibly but non-transitively on the unit sphere of each
normal space.

DEFINITION 1

Let 1<k¢r() and let sk,x denote {[¢]: £ € T, () and 1¢1(¢) < k}. We
call &, ’x(ﬂ) C ITI(X) the k—th characteristic projective subvariety at x € Q.
The union Sk(ﬂ) =Ueq Sy x ¢ PT(R) is called the k—th characteristic bundle
over . The quotient §,(12)/T (noting that 8, (1) is invariant under the
standard action of T), written § (X), is called the k—th characteristic bundle
over X.

[Mok89, page 252]
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6 Two open problems.

For complex submanifolds of CH" the conjecture is that if the normal holo-
nomy is irreducible but non transitive then must be the full unitary group of
the normal space.

b 8
We remark that there are examples of full complex submanifolds of CH" a @ QAJ LIy ‘
s whosc oAl holonomy is not irreducible.
—=y 5‘ = (V)
Is the invariant g a rational number ? or equivalently is the normal ho-

™ lonomy a compact Lie group? 1
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