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Abstract

The purpose of these notes (under construction) is to provide an introduction to totally
geodesic submanifolds and their relationship with curvature. The primary references are:

e Jiirgen Berndt, Sergio Console, Carlos Olmos, Submanifolds and Holonomy. Chapman
& Hall/CRC Research Notes in Mathematics, 434. Chapman & Hall/CRC, Boca
Raton, FL, 2003.

e John M. Lee, Introduction to Riemannian Manifolds. Second edition of [MR1468735].
Graduate Texts in Mathematics, 176. Springer, Cham, 2018.

1 Introduction

Euclid’s Elements (X7ouxeta), written around 300 BC, dominated the study of geometry for over
2000 years. One of the primary goals of Euclid’s work was to establish an axiomatic framework
for planar geometry, where the fifth and final axiom, known as the parallel postulate is stated as
follows:

Given a line £ and a point p & £, there exists exactly one line £’ parallel to £ with p € £'.

It was not until the 19th century that Bernhard Riemann delivered his famous lecture Ueber
die Hypothesen, welche der Geometrie zu Grunde liegen (“On the Hypotheses on which Geometry
is Based”), which laid out a new framework for studying geometry, far more general than Euclid’s.
This new framework is what today we called Riemannian geometry, and in it, the role of
straight lines is played by geodesics. In this way, Riemannian geometry allows spaces like the
sphere S2, where two geodesics always intersect; or like the hyperbolic plane RH?, where given
a geodesic v and a point p not on it, there are infinitely many geodesics passing through p that
do not intersect v, thus negating the parallel postulate. This phenomenon is an example of the
implications of curvature, a key concept in Riemannian geometry, which is zero in Euclidean
geometry. Thus, Riemannian geometry allows us to study spaces with non-zero curvature.

Additionally, it also permits the generalization of the number of dimensions in the space under
study. In this way, we can generalize geodesics to higher-dimensional objects, which leads to what
are called totally geodesic submanifolds. Intuitively, a submanifold of a Riemannian manifold
is totally geodesic if it curves as the ambient space where it lives. Totally geodesic submanifolds
play a fundamental role in Riemannian geometry. They are ubiquitous in the field and appear in
many important theorems, such as the Soul Theorem (see [8]) or the Connectedness Principle,
see [31]. However, despite their frequent appearance in Riemannian geometry, they are rather
special and uncommon. Unlike geodesics, whose local existence is always guaranteed given a
point and a direction, totally geodesic submanifolds of higher dimensions do not generally exist.



In fact, generic Riemannian manifolds do not have any proper totally geodesic submanifolds
besides geodesics, see [23].

We will see that totally geodesic submanifolds are closely related to the existence of symme-
tries within the ambient space, which makes the study of these objects particularly fruitful in
the case of homogeneous spaces, where Lie theory will play a central role.

Some general objectives of these lectures will be:
e Understand the basic properties of totally geodesic submanifolds.
e Obtain classifications in simple ambient spaces (as those with constant sectional curvature).

e Study Cartan’s local existence theorem, Hermann’s global existence theorem, and their
consequences.

e Study the interplay between totally geodesic submanifolds and positively curved manifolds
such as Frankel’s Theorem, or the Connectedness Principle.

e Learn some tools and concepts regarding totally geodesic submanifolds in homogeneous
spaces such as: extrinsically vs. intrinsically homogeneous totally geodesic submanifolds,
or Lie triple systems in symmetric spaces.

2 Basics of Riemannian geometry

In this section we will recall some basic facts about Riemannian geometry which will be needed to
develop all the theory about totally geodesic submanifolds. For a much more detailed approach
we refer the reader to [22, 29].

2.1 Riemannian metrics

Throughout these notes, we will treat smooth manifolds as topological manifolds that are Haus-
dorff, locally Euclidean, second countable, and equipped with a C*°-atlas.

Let M be a smooth manifold of dimension n. Recalll that the tangent bundle T'M is a vector
bundle of rank n equal to L]peM T,M, where T,M denotes the tangent space of M at p € M.
The sections of this vector bundle are vector fields, and the space of vector fields of M will be
denoted by X(M).

Now, let us take : U C M — R™, ¢ = (x,... 2™) a chart of M around a point p € U C M.

The chart ¢ induces a local frame for the tangent bundle T'M denoted by (8%17 ey %) that
are called the coordinate fields. We will usually abreviate as follows % = 0;. Using the
coordinate fields we can also define a local frame (dz?,...,dz™) for the cotangent bundle T* M
determined by dz’(52;) = &;.

Definition 2.1 (Riemannian metric). A Riemannian metric g on a smooth manifold M is a
section of the vector bundle T*M ® T*M satisfying:

e g(X,Y) =g(Y,X) for vector fields X, Y € X(M),
e g(X, X) > 0 whenever the vector field X € X(M) is not zero.

In other words ¢ defines a positive definite, symmetric inner product on each tangent space
T,M which depends smoothly on p € M. If we take a coordinate frame a Riemannian metric
takes the form

g= gijdxi ® da?



where we are using Einstein summation convention. The matrix (g;;) is a positive definite
symmetric matrix at each point p € M.

Let (M, g1) and (Ma, g2) be Riemannian manifolds. We say that a map ¢: My — M is an
isometry if ¢ is a diffeomorphism satisfying

g1(v, w) = ga(Pspv, Pspw), for all v, w € T, My, and for all p € M;.

It can be shown that if M; and My are connected, the isometry ¢ is uniquely determined by
its value ¢(p) and its differential ¢., at a single poin p € M, see [29, Proposition 62]. If the
map ¢ is a local diffeomorphism instead of a diffeomorphism, we say that ¢ is a local isometry.
Moreover, we say that (Mi,g1) and (Ms, g2) are (locally) isometric if there exists a (local)
isometry ¢: M7 — Ms. It is easy to see that the set of isometries of a Riemannian manifold
(M, g) is a group, and we will denote it by Isom(M). In fact Isom(M) is a Lie group, see [24].

Some examples of Riemannian manifolds are discussed in the following lines.

Example 2.2 (Euclidean spaces). Let us consider R™ with its Euclidean metric g, which is
Just the usual inner product of R™ through the identification T,R™ = R". If we take standard
coordinates (', ..., x™), then we can write the Buclidean metric g as g = 5l-jdxi ®dx?, where 0ij
denotes the Kronecker delta.

Example 2.3 (Real hyperbolic spaces). We define the real hyperbolic space RH™ as the smooth
manifold R" =1 x (0,+00) equipped with the Riemannian metric g given by

B de! @ dz' + - + dz" @ da™
a (zm)? ’

where (z') denote the standard coordinates on R"~! x (0, +00).

A good source of Riemannian manifolds is provided by considering smooth inmersions and
restricting the ambient metric to the immersed submanifold.

Example 2.4 (Isometric immersions). Let (M, g) be a Riemannian manifold, ¥ a smooth man-
ifold, and f: ¥ — M a smooth immersion. Then, we can endow ¥ with a Riemannian metric
f*g defined by

f9(X,Y) =g(fu X, £iY), foral X,Y € X(M).

When X is equipped with this metric we say that f: (X, gs) — (M, g) is an isometric immer-
sion.

A nice example for this construction are round spheres. Let us consider the n-dimensional
sphere S™ := {(x1,...,2pq1) € R"M 12 4+ + a2 | = 1}. Then, the inclusion map i: S™ —
R defines an embedding of S™ into R™*!, and the inherited metric i* g—gs» of S™ is called the
round metric.

Example 2.5 (Real hyperbolic spaces revisited). Another way to visualize the real hyperbolic
space RH™ is by considering it as an isometric immersion in the Minkowski space R™'. The
Minkowski space R™1 is the real vector space of dimension n+ 1, equipped with the metric given
by

g=dr'@dzt +-- +da" P @da"! — da" @ da".



Then R™! is not a Riemannian manifold but a pseudo-Riemannian manifold of signature (n,1).
Some aspects of Riemannian geometry can be extrapolated to the pseudo-Riemannian case, how-
ever, one has to be cautious. Then, one can define the real hyperbolic space by

RH"™ = {(mh v ,.Z'n+1) € Rn,l : l‘% +ot Ty — w’?H’l = _1}

Then, the inclusion map i: RH® — R™! defines an embedding of RH™ into R™!, and RH"
equipped with the inherited metric i*g is isometric to the Riemannian manifold described in
Ezample 2.3, see [22, Theorem 3.7] for a proof.

2.2 The Levi-Civita connection and parallel transport

Let X and Y be vector fields on M. The Levi-Civita connection offers a natural way to define
a new vector field on the Riemannian manifold (M, g) denoted by VxY € X(M). This vector
field measures, at each point p € M, the rate of change of Y in the direction of X,, € T}, M, while
preserving important properties of the metric g.

Before introducing the Levi-Civita connection, let us define arbitrary connections on smooth
manifolds.

Definition 2.6. An affine connection V on a smooth manifold M is a map V: X(M) x
X(M) = X(M), which maps (X,Y) to VxY and satisfies the following properties:

i) Vaxi+rx,Y = AV, Y + foVx,Y, where f; € C*°(M) and X;,Y € X(M) fori=1,2,
ZZ) VX()\15/1+/\2)/2) =MVx\" +/\2VX}/2, where /\1 (S COO(M) andX,Yi S .%(M) fOTi = 1,2,
wi) Vx(fY)=X(f)Y + fVxY, where f € C*°(M) and X,Y € X(M).

Remark 2.7. Although an affine connection V is defined for pairs of globally defined vector
fields of M, it turns out that the value of (VxY), depends only on the values of Y in a small
neighborhood of p € M, and in the value of X at p, that is on X, € T,M, see [22, Proposition 4.5].
Thus, we can write with no fear (VxY), = Vx,Y. Even more, let us consider a smooth curve
v: (—¢e,e) = M and denote its velocity at v(t) € M by (). Then, if v(0) = p and ¥(0) = X,
the value of (VxY), only depends on X, and on the values of Y on the curve v, see [22,
Proposition 4.26].

In a different vein, for computations, it is interesting to see how to express an affine connection
in terms of a local frame. Let (E;) be a smooth local frame defined on an open subset U of M.
Then, we can expand the vector field Vg, E; in terms of this frame introducing some coefficient
functions l"fj defined on U:

Vi, Ej =T} Ey.

These n? functions are called the Christoffel symbols of V with respect to the local frame (E;)?_ .
This is enough to determine the connection on U, as if we are given two vector fields X and Y
defined on U, we can express them as X = X'E; and Y = YJE;. Then, using the properties in
Definition 2.6, we can compute:

VxY =Vyxig, (Y E;) = X'V, (Y E;) = XY(E(Y)E; + Vg, E;) = (X(Y") + X'Y'T}) E.

3 K

Moreover, it can be checked that given n® smooth functions I';;, one can define a connection
using the previous equation. Consequently, there is a one to one correspondence between afine

connections on M and choices of n® real valued smooth functions Ff], see [22, Lemma 4.10].



Example 2.8 (The Euclidean connection). Let us take the Fuclidean space R™, the Fuclidean
connection is given by (VxY)f = X(Y(f)), where X and Y are smooth vector fields and
f € C®(M). Take a standard chart (z',...,2™), and denote the associated coordinate fields
by (A1, ...,0,). Observe that Vs,0;(z') = 0;0;(x') = 0. Then, V,0; =0 and all the Christoffel
symbols with respect to this frame vanish.

An affine connection induces connections in other vector bundles, see [22; Proposition 4.15].
This will be particularly useful in the case of (p,q)-tensors, i.e. sections of the vector bundle
TM®P @ T*M®? that we will denote by I'(TM®P @ T*M®1). Indeed, given a tensor T €
[(TM®P @ T*M®?), we can take its covariant derivative by means of the formula:

(VXT)(wl,...,wp,Yp+1,...,Yp_,_q)) = X(T(w',...,wP Y1,...,Yy))

r
) .
=Y T, Vxwh WP Y, Vo)
=1

pt+q
= ) T(wiye o Vxwise o wp, Your. o, Vx Y, You).

i=p+1
The (p,q + 1) tensor VT defined by
VT, Yoty oy Yoy X) = (VXT)@ o, Yy, Vi)

is called the total covariant derivative of T'.
As previously mentioned, there is a special connection that one can define in a Riemannian
manifold (M, g), that is the Levi-Civita connection.

Definition 2.9. The Levi-Civita connection is the unique connection on a Riemannian man-
ifold which satisfies the following two properties:

i) X(9(Y.2)) = g(VxY, Z) + g(Y,VxZ) for all X,Y,Z € X(M),
i) [X,Y] = VxY = VyX for all X,Y € X(M).

The existence and uniqueness is provided by the Koszul formula (see [22, Theorem 5.10])
which gives the Christoffel symbols of the Levi-Civita connection for a given coordinate frame
in terms of the Riemannian metric:

1
Ffj = igkl(aigkl + 99 — O19ij)- (Koszul formula)

A relevant notion in Riemannian geometry is that of parallel transport which will be explained
in the following lines. A vector field X € I'(T'M) is parallel if VzX = 0 for every Z € T'(T'M).

Exercise 2.10. Prove that parallel vector fields of R™ are the constant vector fields.

Throughout these notes when we say path we will understand a continous path «: [a,b] = M
which is piecewise smooth, meaning that it is not smooth just at a finite number of points
{ag,...,ar}. Now consider a path v: [0,1] — M from v(0) = p € M to y(1) = ¢ € M. Given
a tangent vector v € T, M, we say that P, (v) € T,M is the parallel transport of v along ~v
if there exists a parallel vector field X along ~ that satisfies X(0) = v and X (1) = P,(v). It
turns out that P, (v) always exists and it is unique (see [22, Theorem 4.32]), then it defines a
map Py: T,M — T, M.

Exercise 2.11. Prove that P, is a linear isometry.



2.3 Geodesics and the exponential map
Let I C R be a real interval, (M, g) a Riemannian manifold, and V its Levi-Civita connection.
Definition 2.12. A smooth curve v: I — M 1is a geodesic if Vi =0 for allt € 1.

This definition can be extended to a path v by requiring that «y satisfies V54 = 0 for all times
when it is smooth. In this case, we will say that the path 7 is a geodesic path. Notice that this
property implies that %("y, ) = 2(V+%,9) = 0. Thus, geodesics always have constant speed,
and it is sometimes convenient to reparametrize them, which can always be done, so they have
unit speed. In terms of a coordinate frame (z!,...,2"), we can rewrite the previous equations
as:

i (t) + & (t)a? ()T (x(t)) =0, where k € {1,...,n}.
This is a system of second-order ordinary differential equations (ODEs) for certain real valued
functions. It can be proven that we have existence and uniqueness given certain intial conditions,
see [22, Theorem 4.27]. More precisely, given a point p € M, and a tangent vector at v € T, M,

there is a unique maximal geodesic v: I — M such that v(0) = p, and §(0) = v.
Exercise 2.13. Show that the mazimal geodesics of the Euclidean space are straight lines.

For each v € T,M, let us denote by 7, the maximal geodesic with initial conditions v(0) = p
and 4(0) = v. Then, the assignment v — ~,, and the fact that vy,(t) = v, (At) for every
A € R\ {0}, allows us to define a map called the Riemannian exponential map. Let us consider
the following subset of the tangent bundle £ := {v € TM : =, is defined in [0,1]}. Now we
define the Riemannian exponential map as the map exp: & — M which takes v € TM to
Y(1) € M. We will denote the restriction of the exponential map to T),M by exp,,. It can be
proved that the exponential map is smooth, and that d(expp)o is “the identity map”, and thus a
local diffeomorphism at 0 € T, M. Indeed, let us consider the curve a(t) = tw in T,,M for some
w € T,M. Then, d(exp,)o(w) = %\t:o (exp,,(tw)) = %lt:o’yw(t) = w. This implies that one can
use exp,, to define smooth coordinates around p € M. These are called normal coordinates.
The open neighborhood of p € M defined by this chart is called normal neighborhood around
pe M.

Exercise 2.14. Show that the Christoffel symbols at p € M wvanish when using normal coordi-
nates centered at p € M.

This set defines a partition of the interval [a, b] into open intervals, where « is smooth. We can
use the Riemannian metric to define a functional, which gives the length of a path ~: [a,b] — M
as L(v) = f; V¥, v)dt. Tt follows that geodesics have a strong relationship with the critical
points of the length functional. Let us to introduce some calculus of variations terminology.

Definition 2.15. Let v: [a,b] = M be a path and € > 0. A variation of 7 is a continous map
T: (—¢,e) x [a,b] = M such that

i) T(0,t) = ~(t) for allt € [a,b].

it) T' is smooth in the rectangles (—¢,€) X (a;,ai11), where {a = ag,...,b = ax} defines the
partition for which the path ~y is smooth.

We write I'(¢) = T'(s, t), and we say that I is proper if it fixes the endpoints, i.e. I'(s,a) =
I'(0,a), and T'(s,b) = I'(0,0) for all s € (—¢,e). We say that T" is a variation by geodesics
or geodesic variation if I'(sg,t) is a geodesic for each fixed sg € (—¢,¢). Let us introduce the
notation

S(s,t) = 0sT'(s,t), T(s,t) =T (s,1).



The variation field along 7 is the vector field along vy given by V(t) = S(0,t) = 0s,,_,I'(s, ).
If T is proper, then V(a) = V(b) = 0. Moreover, given a vector field Y along +, one constructs
a variation I' with variational field Y by setting I'(s,t) = exp. ) (sY (¢)). Indeed, in this case,
0s,_oL'(8,) = d(expy))o(Y(t)) = Y (t), where we have used that d(exp,)o = Id. An important
property that will be used very often is 9;S(s,t) = 0,1'(s,t), see [22, Lemma 6.2].

Now we are interested in obtaining the critical points for the length functional. To make
sense of this we take the length of a variation I' of a curve 7, and we differentiate with respect
to s. The first variation for the length functional of a unit speed path -~ is

b k—1
%ls:oms,t» - / 9(V, Vs3)dt)+9(V(5), 4(0) ~9(V(a), 7(0))— 3 g(V'(as), (ad)—(ap),

i=1

where 4(aif) = lim, , + 4(t) for each i € {1,...,k —1}. One can check [22, Theorem 6.3] for
the details of this com;;utation. As a consequence of the first variation for the length functional,
every unit-speed path is a critical point of the length functional if and only if it is a geodesic,
see [22, Corollary 6.5]. In particular, minimizing paths must be geodesics, up to reparametriza-
tion. Another functional which is intimately related with the length functional is the energy
functional. This is defined as follows:

b
B0 =5 [ et iy

The first variation for the energy functional of an arbitrary path -~ is

b k—1
5 BO0) = = [ oV T 3)dera(V (). 40)~a(V (@) 30) - oV (a:) )= a).

(1)
Exercise 2.16. Prove the first variation formula for the energy functional.

Solution. Let us prove this formula in the case that v is a smooth curve, since the proof in the
general case is done just by decomposing the integral into sums where the path is smooth. Let T’
be a smooth variation of the curve v with variational vector field V.. Then

d

b b b
LB(I(s,1) = %/ 88g(F(s,t),F(s,t))dt:/a g(asT,T)dt:/a W05, Ty, (2)

where we have used the symmetry property 0sT = 0S. Now using the compatibility of V with
the metric

b b
SE0.0) = [ 0g(s1) - (5.0 = (8.1~ [ a(s.am)

Evaluating at s = 0, we get

d

b
o E0) =~ [ (Vs + gV (0).50) — oV (@) 3(0)
S |s=0 a

Observe that by Cauchy-Schwarz inequality on L?([a, b]), we have

L(7)* = (/ \/g(ﬁd)dt> < (/ 12dt> (/ g(%#)dt> = (b—a)E(v), 3)



and the equality is attached if and only if 1 and |¥| are linearly dependent, i.e. y has constant
speed. A path « is said to be minimizing if L(vy) < L(J) for every path 5 with the same
endpoints. The inequality (3) implies that a path v from v(a) = p to v(b) = ¢ minimizes the
energy functional if and only if it has constant speed and minimizes the length functional.

Given two points p and ¢ in M, one can define a distance in a Riemannian manifold in the
following way:

d(p,q) = inf {L(v) : v is a path in M such that v(0) = p and v(1) = q}.

It can be shown that this is a well-defined distance and that the metric topology coincides with
the manifold topology, see [22, Theorem 2.55]. It turns out that we can characterize geometrically
the completeness of this metric space in terms of geodesics. This is the content of Hopf-Rinow
theorem, see [22, Theorem 6.19] for a proof.

Theorem 2.17 (Hopf-Rinow theorem). Let (M, g) be a connected Riemannian manifold. The
following statements are equivalent:

i) (M,g) is complete as a metric space.

i4) The map exp,, is defined for every v € T,M for a certain p € M.
iit) The map exp is defined for every v € TM.
iv) Every maximal geodesic v of M is defined for all t € R.

Also, if (M, g) is a connected complete Riemannian manifold, one can always connect two
points p and ¢ using a minimizing geodesic, see [22, Corollary 6.20]. If U is a normal neighborhood
of p € M, every point ¢ € U can be connected to p by a unique minimizing geodesics, see [22,
Proposition 6.11].

2.4 The curvature tensor

Let (M, g) be a Riemnanian manifold and denote by V its Levi-Civita connection. We define
the curvature tensor as

R(X,Y)Z =VxVyZ —VyVxZ - Vixy|Z where X,Y,Z € X(M).
This is a tensor of type (1,3). Thus, if we take a frame, we can write the curvature as:
R= Réjkdxi ®da? ® dz* ® 9, where R(0;,0;,0;) = Réjkal.
We can use the metric to turn it into a tensor of type (0,4):
R(X,Y,Z,U) =g(VxVyZ,U) - g(VyVxZ,U) — g(Vix,y)Z,U), where X,Y,Z,U € X(M).

This tensor has exactly the same information, and we denote it also by R, in a frame, we can
write it as: _ _
R = Ryjjide’ @ da’ ® da® @ dz',  where Rijkr = RikGim.-

The curvature tensor has the following symmetries, which can be written in a coordinate frame
as follows:

Rijii = —Rjirt, Rijwi = —Rijie, Rijri = Riij,  Rijri + Rjga + Rriji = 0.



A Riemannian manifold is flat if it is locally isometric to the Euclidean space. It can be
proved that flatness is equivalent to the equation R = 0, see [22, Theorem 7.10].

A simpler tensor that can be defined using the curvature tensor is the Ricci tensor. This is
a (0, 2)-tensor defined as follows:

Ric(X,Y) = tr(Z — R(X,Y)Z), where X,Y € X(M).

The components of the Ricci tensor are denoted by R;; and they can be computed by the
following formula R;; = Rkijlgkl. The Ricci tensor is symmetric i.e. R;; = Rj;, and the metrics
that satisfy Ric = Ag, for some constant A € R are called Einstein metrics. Finally another
object that can be constructed using the curvature tensor is the sectional curvature. This is
defined at a point p € M as follows:

R(v, w,w,v)
g(v, v)g(w7 w) - g(U, w)2 ’

secp (v, w) = where v, w € T, M are linearly independent.
The geometric interpretation of sec,(v,w) is the following. Take the 2-plane V' C T,,M spanned
by the tangent vectors v,w € T, M and consider the surface S spanned by throwing arbitrarily

small geodesics with initial velocities in V. Then, sec,(v, w) is precisely the Gaussian curvature
of Satpe SC M.

Exercise 2.18. Check that the curvature tensor of the Riemannian manifold (M, g) is given by
the following expression in each of the following cases:

1 ifM=5"
R(X,)Y)Z =c((X,2)Y — (Y, Z)X), where e€:=c0 if M =R",
-1 if M =RH".

2.5 Jacobi fields

Let us consider a geodesic v: [0,¢] — M and a geodesic variation I' of . Let us consider V' the
variation field of I'. Then, since I is a geodesic for each fixed s, we have

0 = 8tT = 85815T = 8taST + R(S, T)T
Thus, evaluating at s = 0, we get the Jacobi equation:
D2V 4+ R(V,4)y = 0. (Jacobi equation)

There is an insightful heuristic interpretation for the previous equation. If we think of a
geodesic variation I' of vy as a one-parameter family of freely falling particles, the variation vector
field V represents the position of particles arbitrarily close to «. In this context, the derivative
V' corresponds to their relative velocity, while V" represents their relative acceleration. By
assigning these particles a unit mass, the Jacobi equation can be interpreted as Newton’s second
law, where the curvature vector acts as the force.

Definition 2.19. A Jacobi field along a geodesic 7y is a smooth vector field Y along v such
that O2Y + R(Y, %)y = 0.

Since Jacobi fields are solutions to an ordinary differential equation of order two, it can be
proved that they are completely determined by the initial conditions Y'(0) and Y’(0), thus the
set of Jacobi fields along «y is a vector space of dimension 2n that we will denote by J(v). It



can be checked that Yy (t) = 4(t) and Y;(t) = ¢¥(t) are Jacobi fields along +, and the subspace
of Jacobi fields along ~ vanishing at the endpoints of v is equal to the kernel of I. If Y € J(v),
then (¥(s),Y(s)) = As + u for certain A\, u € R. Thus, J(v7) = RYy @ RY; @ J*+, where J* is the
subspace of Jacobi fields always orthogonal to 7.

We have seen that every variation vector field associated with a geodesic variation is a Jacobi
field. Conversely, let us assume that V is a Jacobi vector field along an arbitrary geodesic
~v:[0,4] - M. Now take a curve o: (—g,) — M such that ¢(0) = v(0) and 4(0) = V(0).
Moreover, take parallel vector fields Xy and X; along o such that Xy(0) = 4(0) and X;(0) =
V'(0). Then, define the smooth variation I'(s, ) = exp, () (tX(s)) where X (s) = Xo(s)+sX1(s).
Clearly, I'(0, 1) = exp.,(o) (t7(0)) = ¥(?), and I'(s, ?) is a geodesic for each fixed s € (—¢,¢). Thus,
T" is a geodesic variation, and its associated variation field is Jacobi. Let us check that it is
exactly V. To this end, we compute 9,,__ T'(s,0) = & o(s) =5(0) = V(0). Moreover,

Sls=0 ds s|s—o

8t\t:088\s:or(87t) = as\szoatn:or(sat) = 88|s:0d(expa(s))0(X(s)) =0

S|s=0

X(s) = X1(0) = V'(0),

where the last equality holds because Xy and X; are parallel. Hence, we have proved that
V(t) = 0s,,_,I'(s,%), and thus every Jacobi vector field arises as the variation field of a geodesic
variation.

2.6 Basics of submanifold geometry

Recall that given a smooth immersion f: 3 — M, we can consider several notions of submanifold
attending to the relationship of the topology of 3 with that of the ambient space M. In particular,
it is good to keep in mind the following 1-dimensional examples.

Example 2.20 (The nodal cubic). Consider the immersion f: R — R? defined by ~(t) =
(t? = 1,t(t* — 1)) is a non-injective immersion, as y(1) = v(—1) = (0,0).

Example 2.21 (The figure eight). Consider the immersion v: (—m,7) C R — R? defined by
~(t) = (sin(2t),sin(t)) is an injective immersion which is not an embedding, since the
image of 7y is not homeomorphic to (—m, ).

-05

ok

(a) The nodal cubic (b) The figure eight

Throughout these notes, when we use the word submanifold, we will mean embedded sub-
manifold unless otherwise is stated. However, the following are local concepts. Therefore, they
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hold for immersed manifolds, as every immersed manifold is locally embedded. We will speak
of isometric immersions when considering on our immersed manifold the metric given by the
restriction of the ambient manifold’s metric.

From the point of view of submanifold geometry, there is no sense in distinguishing between
two isometric immersions (M, g) and (M’,g’) in M that differ by an isometry of the ambient
space M. We say that two isometric immersions f: M — M and f': M’ — M are congruent

if there is an isometry ¢ € Isom(M ), such that f' = ¢ o f. In this case,
g =f"g=rw9g=rg=g

Let M be a Riemannian manifold and M a Riemannian submanifold of M. Each tangent space
T,M is equipped with a metric g,. Therefore, we can consider the bundle of vectors orthogonal
to the tangent space. We will call this set the normal bundle of M and denote it by vM. At each
point p € M, we have the decomposition T, M = T,M & v, M, where & denotes the direct sum.
Given a vector field X € I'(T M), we will denote by X T the orthogonal projection of X onto TM
and by X the orthogonal projection onto vM. If V is a vector space with a symmetric bilinear
form (-,-) and W C V is a vector space, we will denote by VOW :=v eV : (v,w) =0 Vw € W.
If (-,-) is positive definite, then V' & W is the orthogonal complement of W in V. We will use
this notation for distributions on M and subbundles of M restricted to M.

Let R and R denote the curvature tensors of M and M, respectively. We can decompose V xY
into its tangential component (VxY) T and normal component (VxY)*, for each X, Y € I'(TM).
Then, the Levi-Civita connection on M is given by VxY = (VxY) . Moreover, we can define the
second fundamental form, which is bilinear and symmetric, by II(X,Y) = (VxY)*. Therefore,
we have an orthogonal decomposition known as the Gauss formula given by

VxY =VxY +I(X,Y), (Gauss formula)

for each X,Y € T'(TM). Additionally, there exists a vector field £, unitary and normal to M.
We define the shape operator of M associated with £ as the self-adjoint operator S¢ satisfying the
relation (S¢X,Y) = (II(X,Y), &), where X, Y € I'(T'M). The eigenvalues and eigenspaces of S¢
are called principal curvatures and principal curvature spaces of M with respect to &, respectively.
Additionally, we denote by V1 the normal connection of M, which is defined by V¢ = (Vx€)*,
for each X € T(T'M) and £ € T'(vM). Thus, we have an orthogonal decomposition given by

Vi€ = —8eX + Vi, (Weingarten formula)

where X,Y € I'(TM) and £ € T'(vM), which we call the Weingarten formula. These two
formulas are known as the first-order fundamental equations.

Definition 2.22. An isometric immersion f: M — M is totally geodesic if I1 = 0.

In what follows we will examine some simple examples of isometric immersion and we will
compute their second fundamental forms.

Example 2.23 (The standard embedding of the sphere in R™). Let us consider the metric on
S™ c R™"*! induced by the Euclidean metric of R™. We will compute its second fundamental form.
First of all, we compute the tangent space of S™ at an arbitrary point x € S™. Let a: (—e,e) = M
with «(0) = x. Then {(a(t),a(t)) = 1. Thus, 0 = %‘tzo(oz(t),a(t» = 2(&(0), a(0)) = 2(&(0), x).
Hence, T,S™ = x. Thus, a normal vector field of S™ is given by & = x'0;, where (x') denote
the standard coordinates of R"*1. Let X = N ; be a tangent vector field of S™. Then, using the
Levi-Civita connection ¥V of R"*1 (the Euclidean connection), we have for each j € {1,...,n},

(Vx&)a(2?) = Xo()(27) = Xo(2"0i(27)) = Xo(2'0i5) = Xo(27) = N0y (a?) = N6, = A;.
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Then, (Vx€¢) = X. Consequently, (II(X,Y),£) = —(Vx€),Y) = —(X,Y), and this yields
II(X,Y) =—(X,Y)¢ ,forevery XY € X(M),

where £ is the unit normal vector field of S™ pointing outwards.
Observe that by means of the Gauss formula, one also obtains the Levi Civita connection V
of the sphere S™, which is given by

VxY =VxY + (X,Y)¢ for every X, Y € X(S™).

Exercise 2.24 (Intersections of affine hyperplanes of R"*! with S"). Compute the second fun-
damental form for a hypersurface of S™ obtained by intersecting an affine hyperplane of R™t!
with S™ itself, and determine when it is totally geodesic.

Let’s keep differentiating! Now, let X,Y,Z € I'(T'M). Using the definition of the curvature
tensor, and Gauss and Weingarten formulas, we can see that

R(X,Y)Z = R(X,Y)Z + (VXIO(Y, Z) — (V¥I)(X, Z) + Sux.2)Y — Sugy,z)X.
If we consider the tangential part, we get the Gauss equation
(R(X, Y)Z)—r =R(X,Y)Z - Suy,2)X + Sux,z) Y. (Gauss equation)
If we consider the normal part, we obtain the Codazzi equation
(R(X,Y)Z)+ = (VxII)(Y, Z) — (VEII)(X, 2). (Codazzi equation)
Now consider £ € I'(vM) and X,Y € T'(T'M). Similarly as before, we can see that
R(X,Y)¢ = RHX,Y)E+ (VyS)e X — (VxS)eY +11(Y,Se X) — 1I(X, S:Y),

where R1 denotes the curvature tensor associated with the normal connection. If we take the
normal part, we get the Ricci equation

(R(X,Y)E)T = RH(X, Y)E+TI(Y, S X) — TI(X, SY). (Ricci equation)

These three equations constitute the second-order fundamental equations.

3 Some properties of totally geodesic submanifolds

Let M and M be connected Riemannian manifolds and f: M — M an isometric immersion.
We denote by V and V the Levi-Civita connections of M and M, respectively. Recall that
f: M — M is a totally geodesic immersion in M if its second fundamental form II vanishes
identically.

Lemma 3.1. Let M be a connected immersed submanifold of M. Then, the following statements
are equivalent:

i) M is totally geodesic.

ii) If a: I — M is a curve in M and v € Ty )M, the parallel transport of v along « in M
belongs to Ty, )M for each t € I.

iii) Every geodesic of M is a geodesic of M.
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i) The geodesic 7, of M with initial conditions (0) = p and 4,(0) = v € T,M satisfies that
Yo(t) € M for every t € (—e,e) for some e > 0.

Proof. Let a be a curve in M and assume that v = &(0) € T,(0)M. Let V € X(«) be the parallel
transport of v in M along «. However, by Gauss formula, V is also parallel in M. Thus, i)
implies ).

Let v be a geodesic of M. Then, % is parallel in M. If we assume that i) holds, we have
that the parallel transport of 4(0) along « in M is a vector field V along ~ which takes values
in TM. However 0 = V4V = (V5V)T = V;V. Thus, V is also parallel along v in M, and by
uniqueness V = ¥, and consequently, V4 = 0, yielding 4i) implies ).

Let 7, and 7, be the geodesics of M and M, respectively, with initial conditions p = (0)
and v = §(0) € T, M. If we assume that 4ii) holds, v, is a geodesic of M, and by the uniqueness
of geodesics v, (t) = 7, (t) for small values of ¢. Thus, iii) implies iv).

Finally, let us prove that 4v) implies ). Since II is a symmetric tensor it suffices to prove that
(v,v) = 0, for every v € T,M and p € M. Let ~, be the geodesic of M with initial conditions
p =7(0) and v = ¥(0) € T,M. By iv), ~, is contained in M, and then is also a geodesic of M.
Consequently, Gauss formula yields the desired result. O

Notice that item év) in the previous lemma implies the following:

Corollary 3.2. Let 31 and X2 be totally geodesic submanifold of (M, g) passing through p € M
with TyX1 = Tp,Xo. Then, there is some € > 0 such that ¥4 N B(p,e) = X N B(p,¢), where
B(p,e) denotes the open ball of center p and radius € > 0 in (M, g). In particular if X1 and
Yo are complete totally geodesic submanifolds of M and there is some p € ¥ N g such that
szl = szg, then 21 = EQ.

Notice that geodesics of R™ are straight lines, so affine subspaces of R” are totally geodesic.
Moreover, given a complete totally geodesic submanifold ¥ of R” with p € ¥ and T, =V, we
can consider Xy = {p+v : v € V} that is a totally geodesic submanifold of R passing through p
with T),3y = V. Thus, by Corollary 3.2, ¥ = ¥y,. Consequently, totally geodesic submanifolds
of R™ are exactly the affine subspaces.

The following theorem gives the classification of totally geodesic submanifolds in the case of
round spheres.

Theorem 3.3. Let X be a complete submanifold of S™. Then X is totally geodesic in S™ if and
only if & =V NS™ =S¥, where V is a linear subspace of R"*1 of dimension k + 1. Moreover,
all totally geodesic submanifolds are embedded, and two complete totally geodesic submanifolds
of S™ are congruent in S™ if and only if they have the same dimension.

Proof. Let V.C R™*! be a linear subspace and consider Xy = V N SP4. We will prove that Xy
is a complete totally geodesic submanifold.

Clearly the intersection V' N S™ is transverse at every point since V is a linear subspace.
Thus, ¥y = {v € V : (v,v) = 1} is an embedded submanifold isometric to S*, where k + 1
is the dimension of V. Moreover, 7,3y = VNT,S* = {v € V : (v,2) = 0}, and thus it is
isometric to R¥. The geodesics of ¥y are given by taking intersections of ¥y with linear planes
of R"*1 and thus they are also geodesics of S™. This proves that Xy is a complete totally
geodesic submanifold of S™.

Conversely, let ¥ be a complete totally geodesic submanifold of S™. By homogeneity of S™
we can assume that it passes through z € S™. Let us consider the subspace V' = span{p, T,,X}.
Then, ¥y is a totally geodesic submanifold with the same initial conditions as 3. Consequently,
since Xy is complete, by Corollary 3.2, ¥ = Xy,. By the preceeding discussion this implies that
all totally geodesic submanifolds of S™ are embedded.
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Finally, let us see that two complete totally geodesic submanifolds of S™ are congruent if and
only if they have the same dimension. Let ¥; and 39 be complete totally geodesic submanifolds.
Notice that if the dimension is not the same, clearly, there is no T € O(n + 1) mapping ¥ to Y.
Let us assume that ¥; and X5 have the same dimension. After some rotation, we can assume
without loss of generality that there exists € X1 N X5, Now we can clearly find 77 € O(n)
mapping T, 31 to T, %5, and we can extend 7" to an isometry T' € O(n+1) such that T'(X;) = 3
by Corollary 3.2. O

Exercise 3.4. Classify totally geodesic submanifolds of RH™.

Let us denote by exp the exponential map of M. Let us consider two totally geodesic sub-
manifolds M; and M, of M. Moreover, assume that T,M; = T,M; for some p € M; N Ms.
Then, by Lemma 3.1, there exists some open neighborhood U of 0 € T,M; = T,M> such
that exp,(U) C M; N Mz. Moreover, if M; is complete for each i € {1,2}, we have that
M, =exp, T, My =exp, T, Mz = M> (since every geodesic of M; is a geodesic in M). This proves
the following useful lemma.

Lemma 3.5. Let M; be a totally geodesic submanifold of M, where i € {1,2}. If Tp,My =T, My
for some p € MyN Ms, then My and My coincide around a neighborhood of p € M. Furthermore,
if My and Ms are complete, then

M, = &xp,T,M; = &xp,T,Mz = My.

Let us consider two totally geodesic submanifolds M; and M, of M intersecting at p €
M; N Ms. By Lemma 3.1, we can find a small neighborhood U; of 0 in T,,M; C T, M such that
&xp,(U;) C M;, for each i € {1,2}. Thus,

&xp, (U1 NUz) C&xp,(Ur) Nexp,(Uz) C My N M,

is a chain of inclusions of open subsets of M7 N M. This shows that the intersection of totally
geodesic submanifolds is again totally geodesic.

Proposition 3.1. Let M; be a totally geodesic submanifold of M, where i € {1,2}. Then, for
any p € My N My, there is an open neighborhood of p in My N My that is an embedded totally
geodesic submanifold of M. In particular, every connected component of My N My is a totally
geodesic submanifold of M.

The next result tells us that a way to construct totally geodesic submanifolds is by using the
isometry group of the ambient space M.

Theorem 3.6. Let M be a Riemannian manifold and let S C Isom(M) be a subset. Then, every
connected component of

Fix(S) :={p € M : p(p) =p for every o € S}
is a totally geodesic closed submanifold of M.

Proof. Let p € Fix(S) and take V = {v € T,M : (dp),v = v for every p € S}. Now choose a
small normal neighborhood U of M around p such that U N Fix(9) is connected. We claim that
U NFix(S) = exp,,(exp, ' (U) N V). Notice that this implies that every connected component, of
Fix(S) is an embedded submanifold of M, since V is a linear subspace of TpM , and thus the
intersection exp,, LU) NV is transverse.
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On the one hand, let us consider a geodesic 7, starting at p = v(0) with 4(0) = v € %;1 (U)n
V. Thus, since v € V, the uniqueness of geodesics, and the fact that isometries map geodesics to
geodesics imply that poy = 7 for every ¢ € S. This proves that %p(mljl(U)ﬂV) C UNFix(S),
since U is a normal neighborhood.

On the other hand, assume that ¢ € U N Fix(S) and that there is not any geodesic 7,
starting at p with initial velocity in exp, L({U) NV reaching q. However, since U is a normal
neighborhood there exists a unique minimizing-length geodesic v in U N Fix(S) joining p and gq.
Since 7 cannot have initial velocity in exp,, L{U) NV, there is some isometry ¢ € S such that
@ oy is a geodesic different from ~ but connecting p and ¢, as one can check that has initial
values ¢(y(0)) = p and (d),¥(0) = ¥(0). Then, we get a contradiction with the uniqueness of
v, and U N Fix(S) C exp,,(exp, ' (U) N V).

Thus, for every p € Fix(S) there is a neighborhood U of p € M such that U N Fix(S) is an
embedded submanifold of M. Moreover, every geodesic of M with intial conditions in Fix(S)
stays for a while in Fix(S). The reason for this is that given a geodesic v with initial conditions
in Fix(S), then ¢ o v is a geodesic with the same initial conditions as 7, and by uniqueness
v = ¢ o~ for some values of time. Thus, v belongs to Fix(S) for some values of time. Thus,
Fix(S) consists of an union of totally geodesic submanifolds. By definition, Fix(S) is closed.
Indeed, for each o € S, the set Fix(p) = {p € M : ¢(p) = p} is closed, as it is the preimage of
the diagonal of M x M by the continous map p € M + (¢(p),p) € M x M. Therefore, every
connected component of Fix(S) is a totally geodesic closed embedded submanifold of M. O

Although the above result shows that the existence of totally geodesic submanifolds is linked
to the existence of isometries, there are totally geodesic submanifolds that are not fixed points
of a set of isometries. For instance, one can take the round sphere S® and the totally geodesic
submanifold obtained by intersecting S* with the linear subspace defined by the equation 24 = 0
gives a totally geodesic surface S C S3, which is the fixed point set of reflection ¢ with respect
to the hiperplane defined by the equation x4 = 0. Moreover, this is the only non trivial isometry
fixing S2. Now if we perturb the metric of the sphere near (0,0,0,1) € S?, the map ¢ will not
longer be an isometry, so S? will keep being a totally geodesic submanifold (as this is a local
property) but it does not arises as a fixed point set of any isometry.

4 Existence theorems for totally geodesic submanifolds

In this section we will tackle the following problem. Given a point p € M, and a subspace
V C T, M, when does exist a totally geodesic submanifold ¥ of M passing through p € M with
T,3 = V. The results of this section were mainly obtained from [12] and [5].

Theorem 4.1 (Cartan local existence theorem). Let (M,g) be a Riemannian manifold and
consider V. C T,M a linear subspace for a fized point p € M. Then, there exists a totally
geodesic submanifold ¥ of M passing through p € M with T, =V if and only if there exists
some £ > 0 such that inj(p) > £, and for every unit vector v € V,

R(P,y(t)X, P,y(t)Y, P,y(t)Z) S P,y(t)V, forall XY, Z €V and t </,
where y denotes the geodesic y: [0,€] — M with 4(0) = v.

Proof. First of all, assume there is a totally geodesic submanifold > of M passing through p € M
and such that T, = V. As ¥ is totally geodesic, by Gauss equation we have

R(X,Y,Z,W) = R*(X,Y,Z,W) for all X,Y,Z,W € X(M).
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Moreover, by Codazzi equation we have
R(X,Y,Z,&) =0 for all X,Y,Z € X(M), and ¢ € X (M).

Thus R(X,Y,Z) = R¥(X,Y, Z) for every X,Y,Z € X(M). Now since ¥ is totally geodesic, it
follows by Lemma 3.1, the parallel transport P, yy7T,% = T, X. Consequently, we have that
R(PyyX, Py)Y, Py Z) € PypyTy X as desired.

Now, we prove the converse. To this end we will prove that ¥ = exp,(B(0,£)NV) is a totally
geodesic submanifold of M for some small ¢. Notice that ¥ is an embedded submanifold of M
since by hypothesis exp is a local diffeomorphism and B(0,¢) NV is an embedded submanifold
of T,M =R". Now we prove that 3 = exp,(B(0,£) NV) is a totally geodesic submanifold.

We first prove that for each unit vectors uw,v € V', the Jacobi vector field J along ~(t) =
exp,,(tv) with initial conditions J(0) = 0 and J'(0) = u € V satisfies that J(t) € T;)% for every

€ [0,4]. Let us first construct this Jacobi vector field. Take the variation through geodesics
Q(s,t) = exp,(t(v + su)). Recall that J(t) = 05, ,Q(s,t) = (dexp,)w(tu) is a Jacobi vector
field since it is the variational field of a variation through geodesics. We have that J(0) = 0.
Moreover,

Q(s,t) =0

J'(0) = 0,,_,0 10— Oty_o U(s, 1) = 05, (dexp,)o(v+su) = 05, _,(vtsu) =ueV.

S|s=0 S|s=0

Now take an orthonormal frame (Ey =%, Eo, ..., E,) parallel along v where E1(0),..., E(0) €
V and Ex11(0),...,E,(0) in the orthogonal complement of V in T,M. Thus, we can write
J(t) = >°7_1ai(t)Ei(t). Observe that a;(0) = 0 for all j € {1,...,n} since J(0) = 0, and

a’(0) = 0 for every j > k. Since .J is a Jacobi vector field, we have for each i € {k +1,...,n},

0:g(JH(t)+R<J(t)7E1(t)7E1(t))?E N +Za] El( ) E1<t)aEi(t)>

n

Y6+ D a(R(E; (1), Ba(t), Ba(t), Ei(1)),

j=k+1

=a

since by hypothesis R(E;(t), E1(t), E1(t), E;(t)) = 0 for every j < k. Moreover, by the symme-
tries of the curvature tensor, we have that R(E;(t), E1(t), E1(t), E;i(t )) =0 for every j > k

If we define w;;(t) = R(E (t), E1(t), E1(t), E;(t)) for each i,5 € {1,...,n}, we have a system
of linear ODE’s given by

al(t) + Z wij(t)a;(t) =0, a;(0)=a;(0)=0, foreachiec{k+1,...,n}.
j=k+1

But the only solution to this system is a;; = 0 for each ¢ € {k+1,...,n}. Thus, we have proved
that J(t) € P, V. Moreover, since XDy 10,0y is a diffeomorphism onto ¥, for each ¢ € X, the
tangent space 7,3 = (dexp, ). (V) where exp,(w) = ¢q. Consequently, J(t) = (dexp, ) (tu) €
T, )% for each t € [0, £].

Now let n: (=0,0) — ¥ be an arbitrary curve starting at ¢ = 1n(0) € . We are going to
prove that ¥ is invariant under parallel transport in M along 7, and thus totally geodesic in M.

Consider the smooth variation I'(s, t) = exp,($v(s)), where s € (=4,4), t € [0,4], and v(s) =
exp, ' (1(s)), i.e., for each s € (=4, 0), v(s) is the position vector from p € X for n(s).

Thus, I'(s,0) = p, and I'(s,£) = n(s). Also, by definition of ¥, we have that I'(s,t) € X.
Notice that T'(s,t) = 0:I'(s,1) = (dexp,, tu(s) )(#) € Tr(s,4%. Now for each fixed s € (=4, 9), let
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Js(t) = 0sT'(s,t) be the Jacobi vector field along the geodesic v;(t) = I'(s, t). Let us compute the
initial conditions of the Jacobi field J,. Firstly, J;(0) = 9,I'(s,0) = (dexp,,) s (s) (t0sv(5))|1=0 = 0.
Secondly,

, 1
Jo(0) = 0, 0sT'(s, 1) = O0s0y,,_,I'(s,1) = Zas(dexpp)o(v(s))

1 1 _ ) 1.
= Zasv(s) = Z(depr 1)?7(5)(77(5)) = zn(s) € Tn(S)E'

Hence, since for each s € (—4, ), J, is a Jacobi vector field along the radial geodesic ,(t) = I'(s, t)
with initial conditions J5(0) = 0 and J/(0) = @ € T,X. By the preceeding discussion, for every
s,t, we deduce that Jy(t) € Trs,) € Vi, where V(s,t) := P, )V, and Js(t) € Tpes > and
Tp(s,t)Z = V(S,t).

Let z € T,X = Vp,1 be arbitrary where ¢ = n(0) = I'(0,1). We parallel translate z along
7o from ¢ to p to obtain zp € V = Vo, and then we parallel translate zy along 7, from p to
each 7(s) to obtain a vector field Z along I'. By the discussion in the preceeding paragraph, we
know that Z(s,t) € V. Now R(0;,05)Z = 010sZ — 0s0:Z — N [0s,04]Z = 0;0,Z, since Z is
parallel along each geodesic v, and [0s,0;] = 0. Let w € T, M be orthogonal to V' and extend it
to a vector field W along T parallel along each ~4. Thus, g(W(s,t),V(s,t)) = 0 for all s,¢, since
g(W(s,0),Z(s,0)) = 0. Thus,

0= g(R(ata aSZa W)) = g(atasza W) = atg(aSZa W) - 9(6827 afW) = atg(aszv W)7

where we have used that W is paralell along each v,. Hence, g(9s;Z, W) is constant along each .
However, g(0sZ(s,0),W(s,0)) =0, as I'(s, 0) is constantly equal to p € ¥, thus g(V;Z, W) =
9(0:Z(s,1),W(s,1)) = 0. This implies that T,5)¥ = V5 1 is a family of subspaces invariant under
parallel along 7(s). Since 7 is an arbitrary curve of X, this proves that ¥ is totally geodesic in
M by Lemma 3.1. O

Notice that this result is local as it only guarantees existence of a totally geodesic submanifold
in a neighborhood around a given point p € M. If we assume some stronger hypothesis, we are
able prove a global version of the previous result proved by Hermann in [16]. We need to introduce
the following notions.

Definition 4.2. A once-broken geodesic is a piecewise smooth geodesic v: (—e,e) — M,
which is only non-smooth at a single time t; € (—¢,€). In that case we say that v is broken at
to. Given a point p € M and a vector subspace V. C M, we say that a geodesic v: [0,£] — M,
with £ > 0, is V-admissible if it satisfies:

i) P'y(t);Y(t) € P,V for all t € 10,4].
ii) If v is broken at ty, then y([to, £]) is contained in a convex neighborhood of v (to).

Notice that a geodesic with initial velocity in V is clearly V-admissible. Moreover, not every
once-broken with initial velocity in V' is V-admissible.

Theorem 4.3 (Hermann’s theorem). Let (M, g) be a complete Riemannian manifold, p € M and
V CT,M a linear subspace. Then, there exists a complete immersed totally geodesic submanifold
Y of M withp € ¥ and T,X =V if and only if for all V-admissible once broken geodesic 7y of
M starting at p,

R(P,X,P,Y,P,Z) e PV, forall XY, Z€V.
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Proof. If ¥ is totally geodesic, the proof is the same as in Cartan’s theorem, see proof of The-
orem 4.1. Let us prove the converse. By Cartan’s theorem (Theorem 4.1), we have that there
is a totally geodesic submanifold passing through p and with tangent space at p equal to V.
Without loss of generality, we can take % inextendable, this means that ¥ is the largest totally
geodesic submanifold passing through p € M with tangent space 17,3 = V. Notice that ¥ is not
necesarilly embedded but only immersed. We will prove that ¥ is complete. We will argue by
contradiction.

If ¥ is not complete, there is a geodesic a € [0,1) — 3 for which lim;_,; a(t) does not exist
in . However, since M is complete lim;_,; a(t) = ¢ € M such that ¢ ¢ . Moreover, since
is totally geodesic in M, there exists a geodesic a: [0,1] — M such that a(t) = a(t) for each
te0,1).

Let V be the parallel transport of V in M along & from p to ¢ =7(1)., i.e. V= Pz1yV. Let

0:[0,0) — M be an arbitrary geodesic starting at ¢ = o(0) with initial velocity in V', and define
the piecewise smooth curve §: [0,1 4 6] — M where

8t {a(t) telo,1)
o(t—1) te[l,1+4].
Then, 8 is a once-broken geodesic starting at p, and broken at (1) = q. Moreover, ﬂ € P5‘~/, by
definition of V, and & > 0 can be taken sufficiently small so o([1,1+ 6]) is contained in a convex
neighborhood of ¢ € M, and f3 is a once-broken geodesic V-admissible geodesic. Now, combining
the hypothesis with Cartan’s theorem (Theorem 4.1) there is a totally geodesic submanifold 3
of M with T,% =V.
Now consider the once-broken geodesic «v: [0,1 4 ¢) — M where

() = {a(t) telo,1)
a(l—t) te[l,1+¢),

for sufficiently small ¢ > 0. By construction the parallel transpor ot V = T,¥ to o from
p to a(l — tp) coincides with the parallel transport of W = Tqi along ~ from ¢ = (1) to
Y(1+to) = a(l —tg) for all ty € (0,€). It follows that the tangent space of ¥ and % coincides at
all points on v((1, 1+¢)) = S((1—e, 1)). Thus, by uniqueness of totally geodesic submanifolds (see
Corollary 3.2), since ¥ is inextendable ¥ is contained in ¥ but this yields a contradiction as g € ¥
but ¢ & 3. O

The previous condition is not particularly practical when studying totally geodesic subman-
ifolds within a given ambient space. However, by assuming analyticity, we can achieve the fol-
lowing useful algebraic characterization of totally geodesic submanifolds of analyici Riemannian
manifolds. Let us first introduce some notation.

Let k be a non-negative integer. The k-th covariant derivative of the curvature tensor R
denoted by V¥R is a (1, k + 3)-tensor define inductively from V*~!R. A subspace V C T),M is
invariant under (V*R),, if

(VER)(UY, ..., U, X, Y, Z) €V

for every X, Y, Z,Uy,..., Uy € V.

Theorem 4.4. Let M be an analytic complete Riemannian manifold, p € M and V a linear
subspace of T,M. Then, the following statements are equivalent:

i) (V*R)(U,...,U,X,Y,Z) €V, whereU,X,Y,Z€V.
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ii) (VFR), leaves V invariant for every k > 0.

iii) There exists a complete immersed totally geodesic submanifold M of M such that p € M
and exp, (V) = M.

There exists a complete totally geodesic submanifold M of M such that p € M and @p(V) =M
if and only if (V¥ R), leaves V invariant for every k > 0.

Proof. Firstly, we will prove that i) implies 44i). Let us extend X,Y,Z € V and £ € V*+ := TPM@
V' to parallel vector fields along an arbitrary once-broken V-admissible geodesic 7: [0,1] = M
starting at p € M with initial velocity 4(0) = U € V. Then, by i), we have

k
%“,OR(X“)’Y“% Z(t),&(t)) =0, for every k > 0.

By the analiticity of M, this shows that R(X(¢),Y (¢), Z(t),£(t)) = 0 for every ¢ € [0,1]. Then,
by Theorem 4.3, there exists a complete totally geodesic submanifold N of M with T,N = V
defined locally around p € N, yielding iii).

Moreover, if M is a totally geodesic submanifold of M, Gauss formula together with Gauss
and Codazzi equations imply that T, M is invariant under (V*R),, for every k > 0 and p € M.
This proves that i) implies . Finally, i7) implies 4) trivially. O

The previous theorem gives us another proof for the classification of totally geodesic subman-
ifolds of spaces with constant curvature.

Example 4.5 (Totally geodesic submanifolds of spaces with constant curvature). Let M be the
Euclidean space R™, the round sphere S™ or the hyperbolic space RH™. Notice that all subspaces
of T,M are R-invariant. Moreover, one can check that VKR = 0 for all k > 0. Thus, for
every subspace V. C T, M, we have that ¥y = exp,(V) is always a complete totally geodesic
submanifold. A unit speed geodesic v, starting from a point p € M and initial velocity v € T, M
are given by v,: R — M C M, where M is either R, R™, or R™', in each case, with

cos(t)p + sin(t)v if M =S",
Ww(t) =< p+tv if M =R"™,
cosh(t)p + sinh(t)v if M = RH™.
Thus, ¥y = exp,(V) = M N span{p, V'}, proving that totally geodesic submanifolds are affine

subspaces when M = R™ or intersections of linear spaces with M, when M is equal to S™ or
RH™.

5 Totally geodesic submanifolds and positive curvature

A central topic in Riemannian geometry is the relationship between curvature and topology.
In particular, the study of manifolds with positive curvature remains a deeply intriguing and
mysterious area, largely due to the apparent scarcity of known examples. A very natural question
is the following:

What smooth manifolds M admit a metric g with sec > 07
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Let us assume that (M, g) is a compact Riemannian manifold of dimension n. If n = 2, then
Gauss-Bonnet theorem states that

/ KdA =2mx(M),
M

where K denotes the Gaussian curvature and x (M) is the Euler characteristic of M . As we have
explained the Gaussian curvature and the sectional curvature coincide for a manifold of dimension
two. Thus, if (M,g) has positive curvature, | 1 KdA > 0. However, by the classification of
compact surfaces, we know that the only compact surfaces with postive Euler characteristic are
the sphere S? with x(S?) = 2, and the real projective space RP? with x(RP?) = 1.

If n = 3, the situation is much more involved. In the eighties, Hamilton introduced the Ricci
flow. The Ricci flow of a metric g on M consist on a family of metrics ¢g(¢) of M that depend on
a parameter ¢t € R that satisfy the equation

drg(t) = _QRng(t)a 9(0) =g.

Hamilton proved that if one starts with a simply connected manifold M equipped with a metric
g with Ric > 0 (in particular with sec > 0), one can take a normalization of the flow above in
such a way that the initial Riemannian manifold converges to a round sphere, see [14]. Thus, in
particular, he proved that every compact 3-manifold with Ric > 0 (in particular with sec > 0)
is diffeomorphic to S3. Hence, every compact 3-manifold with Ric > 0 (in particular with
sec > 0) is a quotient of a round 3-sphere by a finite subgroup acting freely and isometric on
S3. Surprisingly, Perelmann proved, using again the Ricci flow, that one could get rid of the
Ric > 0-hypothesis, proving Poincaré’s conjecture, so far the only solved Millenium problem.
When n = 4, our understanding is quite limited. In fact, even a seemingly simple question, such
as Hopf’s conjecture, remains one of the most important open problems in Riemannian geometry.

Conjecture 5.1 (Hopf’s conjecture). The manifold S?> xS? does not admit a metric with sec > 0.

The fact that for this simple 4-manifold, we cannot even determine whether it admits a
metric with sec > 0 highlights the complexity of this topic and how far we are from addressing
the question posed at the beginning of this section. However, there is a partial answer to this
question, which essentially indicates that if a positively curved metric exists on S? x S2, it must
exhibit very limited symmetry.

Theorem 5.2 (Hsiang and Kleiner, [17]). Let (M, g) be an orientable and compact 4-manifold.
Then, if it exists a non-trivial isometric action by S', then M is homeomorphic to S* or the
complex projective plane CP2.

In particular, this shows that the isometry group of a positively curved metric on S% x S? is
finite. For higher dimensions, the problem gets even more complicated.

Another issue, previously mentioned at the beginning of this section, is the lack of examples.
We know very few compact manifolds which admit a metric with sec > 0, and all the ones we
know have a lot of symmetry. In particular, simply connected homogeneous spaces with sec > 0
were classified by Berger3 [4], Wallach [30], and Beérard-Bergery [3]. This are listed as follows:

1) the compact rank one symmetric spaces: S, CP", HP", and QP2
2) the Wallach flag manifolds: W6 = SU3/T?, W12 = Sp3/Sp‘;’, and W2* = F,/Sping.
3) the Berger space B3 = SU5/Sp,U;.
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4) the Alloff-Wallach spaces: W[, = SUs/diag(z?, 2%,2°79), where (p,q) > 0 and p,q are
coprime.

5) the Berger space B” = SO5/SO5*™ .

Regarding inhomogeneous metrics, some of them are biquotients. A biquotient is a manifold
obtained as the quotient of a homogeneous space G/H by a free action of a subgroup L < G.
Eschenburg [10] and Bazaikin [2] constructed biquotients with positive curvature. Then, one
more example is a cohomogeneity one metric on the connected sum T} S*#X7, where T75* is the
unit tangent bundle of S*, and X7 is an exotic sphere. This was constructed independently by
Dearricott [9] and Grove, Verdiani, and Ziller [13]. So far, we do not know more examples of
manifolds admitting metrics with sec > 0. Excluding compact rank one symmetric spaces, they
all happen in dimension 6, 7, 12, 13, and 24.

One could ask if there are general topological obstructions for the existence of metrics with
sec > 0. The most important (and maybe the only) such result is the following:

Theorem 5.3 (Synge’s theorem). Let (M,g) be compact with sec > 0. Then, the following
statements hold:

o Ifdim M is even, then m (M) is either O or Zs.
o [fdim M is odd, then M is orientable.

For the proof of the forthcoming theorem we will need to derive the second variation for the
energy functional.

Let v be a geodesic and T': (—¢,¢) X [a,b] = M be a smooth variation of « with variational
field V. Then, using an intermediate step of the computation for Equation (1), we have

2 b b
B0 = [ 09081t = [ 90.05.7) + 9(0,5,0.7)i

b
- / 9:SI[2 + R(0s, 00,04, 00) + 0rg(D:5, T) — 9(05, DT,

where we have used that 0y, 0; commute as they are the coordinate fields of the domain of T'.
Now, evaluating at s = 0, using that 7 is a geodesic and the identities of the curvature tensor R,
we obtain the second variation for the energy functional for geodesics

t=b

St @

t=a

d2

b
@ls:oE(r(s,t))z/ 10:V (1)||? — R(Ds, By, By, Ds)dt + | g(V

9
9s |s=

Observe that the second variation formula i.e. (Equation (4)) defines a quadratic form on the
space of piecewise smooth vector fields along a geodesic v: [a, b] — M vanishing at the endpoints.
The associated symmetric bilinear form [ is called the index form and it is given by

b
I(X,Y) = / (X, 0,Y) + R(3%.X.Y.4).

Finally, notice that if I" is a proper normal variation of 7, and V is the associated variational
field, the second variation of the energy is equal to I(V,V). Now if 7 is minimizing, then
I(V,V) > 0 for every proper normal vector field V' along .

As it was earlier commented, the development of Riemannian geometry was significantly
influenced by going beyond of Euclid’s fifth postulate, which states: given a line ¢ and a point
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p & /£, there exists exactly one line ¢’ parallel to £ that passes through p. In contrast, for one of the
simplest 2-dimensional geometries, the round sphere S?, there are no parallel lines (geodesics).
The following theorem extends this phenomenon to higher dimensions and Riemannian manifolds
with positive curvature.

Theorem 5.4 (Frankel theorem, [11]). Let (M, g) be complete and connected with sec > 0 and
let X1 and Yo be compact totally geodesic submanifolds of M. If dim X1 4+dim X9 > dim M, then
Y1 and Yo intersect.

To prove this theorem we need the following lemma.

Lemma 5.5. Let ¥ be a submanifold of (M, g), and consider~: [a,b] = M a minimizing geodesic
from y(a) =p & X toy(b) = ¢ € ¥ with L(y) = d(p,X). Then, 4(b) L T,;X.

Proof. Take v € T;X, and 0 (—¢,¢) — ¥ with 0(0) = ¢ and 6(0) = v € T,X. Let I': (—¢,¢) —

M be a variation of v with T'(s,0) = p, and I'(s,b) = o(s). Then, V(a) = S(0,a) = %|S:OF(S’ t) =
0, and V(b) = S(0,b) = gls:OF(sJ) = v € T,X. Now, since v is a geodesic, the first variation

formula for the length yields

b
0= 5 L) = = [T+ V050 (V). Vo) = (05(0).
Thus, ¥ L T3, and the lemma follows. O

Proof of Frankel’s theorem. Assume that ¥; and ¥, do not intersect. By compactness there
exists a shortest unit-speed geodesic connecting ¥; and 3. Thus, let v: [a,b] — M be such
that v(a) = p € X1, 7(b) = ¢ € X3 and d(X1,32) = d(X1,q) = d(X2,p). Since v is a unit speed
minimizing geodesic, it must be a minimum for the length functional, and for every smooth
variation I" of 7, we have %‘S:OE(F(S,t)) > 0.

Let us parallel transport 7,3, along 7 to get a subspace W in T, M. By the properties of
parallel transport W L 4/(b), thus

dim(W NT,35) = dim Sy + dim Sy — dim M +1 > 1

Then we can choose some non-zero v € 1,3, whose parallel transport along +y is tangent to 7, %s.
Let us denote this parallel vector field along v by V. Now for some small € > 0, one defines the
smooth variation given by I': (—¢,¢) x [a,b] — M, where (s,t) = I'(s,t) = exp, ) (sV(¢)). This
is clearly a smooth variation of v and S(0,t) = 8%IS:OI‘(s,t) = d(exp.,4))o(V(t)) = V(t), as the
differential of exp, ) at 0 € T4 M is the identity.

Moreover, oy, (s) = (s,t9) is a geodesic of M for every fixed tg € [a, b]. Notice that o,(0) = p.
op(0) = ¢, and d4,(0) = V(¢) for all ¢ € [a,b]. Thus, by Lemma 3.1, as 3; and Yo are totally
geodesic, the curves o, and o, belong to ¥; and Y5 for small values of s. Thus, by shriking the
interval (—¢, ) if necessary, we can assume that for each fixed sg € (—¢,¢), we have I'(sp,a) € ¥4

and I'(sg,b) € Xo. Now the second variation of the energy yields
d? t=>b
@ |s=0

b
B(C(s.0) = [ 10V 01 = R©..0.000)dt+ [o(T 5 $(5.0).5(0)

9
Os |s= t=a

However, notice that the term f:||8tV(t) [|2dt vanishes since V is parallel, and that ¥V 2, S(s,t) =
s |s=0

Vi, 0t = 0, as 0y, is a geodesic for every to € [a,b]. Thus, j—;lszoE(F(s,t)) < 0, as M has
positive sectional curvature. However, since « is a minimizing unit speed geodesic it must be a

minimum for the energy functional, and then a minimum for the length functional. O
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An extension of the previous theorem is the connectedness principle proved by Wilking in
2002. This states that the topology of a totally geodesic submanifold of a positively curved
manifold “coincides” up to a certain degree with the topology of the ambient space where it
lives.

Before stating the theorem, recall that a continous map f: M — N is said k-connected if
its induced maps in the homotopy groups f.: m;(M) — m;(NN) are isomorphisms for j < k and
is an epimorphism for j = k.

Theorem 5.6 (Connectedness principle, [31]). Let (M, g) be compact with sec > 0 and dimension
n, and let 3 be a compact totally geodesic submanifold of M of dimension k. Then, the inclusion
map i: X — M is (2k — n + 1)-connected.

This has allowed to obtain rigidity results for manifolds with sec > 0 abundant isometries. The
naive idea would be to take fixed point sets of isometries, that are totally geodesic submanifolds
by Theorem 3.6, and then use the connectedness principle to bound the topology of the ambient
space.

Moreover, it is immediate to check that the Connectedness principle implies Frankel theorem
when there is a totally geodesic submanifold of dimension k > n/2. Appart from the totally
geodesic submanifolds in compact rank one symmetric spaces, it is hard to find totally geodesic
submanifolds in positively curved ambient spaces with dimension k& > n/2. Indeed, one has the
following result, see [26, p. 42] for a proof.

Theorem 5.7. Let (M, g) be compact with sec > 0. If M contains a totally geodesic hypersurface,
then M is either homeomorphic to S™ or RP™.

It is an open question if one can replace the word homeomorphic by diffeomorphic in the
previous theorem. Also, it is an open question if one can replace the codimension one condition
by codimension two, just by adding the complex projective space CP".

6 Totally geodesic submanifolds in homogeneous spaces

Homogeneity is a central notion in Mathematics. The origin of homogeneous spaces dates back
to the emergence of non-Euclidean geometry in the mid-19th century. The geometry of these
spaces is quite different from that of the Euclidean spaces that we are accustomed to studying in
high school. At this point, the need arises to clarify how to define geometry. Erlangen’s program
answers this question. This was proposed by Felix Klein in 1872. Basically, geometry was defined
as the study of those properties in a space that are invariant under a given transformation group.

Intuitively, a homogeneous space is a space that looks the same at each point. For this
reason, homogeneous spaces serve as a model space for various types of geometric structures. In
particular, our interest lies in those homogeneous spaces that arise from isometric actions, that
is, actions preserving the metric.

For a more complete introduction to the theory of homogeneous spaces, one can consult [1]
or [19, Chapter X].

6.1 Some basic facts about homogeneous spaces

Let us begin by introducing some notation relative to Lie groups. For a complete introduction
to Lie groups one can consult [20]. Recall that a Lie group G is a group equipped with a
smooth manifold structure in such a way that the multiplication and the inversion are smooth.
Moreover, a closed subgroup H of G is a Lie group, see [21, Theorem 15.29]. To each G we
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can associate a Lie algebra g given by its left-invariant vector fields, that we will always write
in gothic letters. Recall that the Lie exponential map is defined by Exp: g — G, where
Exp(X) = vx(1), where vx is the integral curve of the left-invariant vector field X € g with
initial conditions vx (0) = e € G. Moreover, for each h € G, one can consider the map Cj,: G — G,
such that g € G = Cy(g) = hgh~!. Then, we can define the the adjoint representation of
G by Ad: G — Aut(g) where Ad(g) = (dCy).. The adjoint representation of g is defined by
ad: g — End(g), where adx = (d Ad).(X). It can be checked that adx (Y') = [X, Y], where [, ]
denotes the Lie bracket of g. Another relevant thing is that Lie groups admits the structure of
a real-analytic manifold in one and only one way such that multiplication and inversion are real
analytic. In this case the exponential function is real analytic, see [20, Proposition 1.117].

Let G be a Lie group and consider a closed subgroup K. Then, we construct the smooth
manifold G/K := {gK : g € G}. Moreover, G acts on G/K as follows:

g- (hK) = (gh) K.
This action is clearly transitive, and one has the following (see [18, Proposition 4.2]):

Proposition 6.1. Let G be a Lie group and K be a closed subgroup of G. Then, there is a unique
real analytic structure on G/K such that the canonical projection w: G — G/K is an analytic
submersion.

Alternatively, every smooth manifold admitting a transitive action can be seen as a quotient
of Lie groups, see [21].

Proposition 6.2. Let G be a Lie group acting transitively on a smooth manifold M, and let
K={g € G:go=o} for some point o € M. Then, the map G/K — M, such that gK € G/K
go € M is a diffeomorphism.

In view of this discussion, is equivalent to consider smooth manifolds with a transitive G-
action, and quotients of G by closed subgroups. These spaces are what we call homogeneous
spaces. Since our interest relies on Riemannian geometry, the natural group G to consider in our
case is the isometry group.

Definition 6.1. A Riemannian homogeneous space (M, (-,-)) is a Riemannian manifold
for which the isometry group Isom(M) acts transitively.

Equivalently, a Riemannian manifold (M, (-,-)) is Riemannian homogeneous if it admits a
transitive G-action and the metric (-, -) is G-invariant that is

((dg)eX, (dg)eY ) gp = (X,Y)p, forall XY € T,M and for all g € G.

Sometimes, we will omit the word Riemannian as the only homogeneous spaces that we will
consider are Riemannian. In the following we will consider some examples:

Example 6.2 (Round spheres). Let us consider the action of SOp41 on S™. This action is
clearly transitive. Indeed, if p,q € S™, one can define a transformation T € SO,41, such that
T(p) = q, and that maps an arbitrary orthonormal basis of p* to q¢*. Moreover, the isotropy
subgroup for (1,0,...,0) € S™ is

110
K_{<O A).AESOTL}_SOW
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Example 6.3 (Real projective spaces). Let us consider the action of SO,1 on RP™, which is
the space of real lines of R"1 through the origin. This action is clearly transitive by similar
reasons as in Example 6.2. Moreover, the isotropy subgroup for the line [1:0:---:0] € RP™ is

K:{(deto(A) 2>:Aeon}%on.

Thus, RP™ = SO,,4+1/0,.

Example 6.4 (Berger spheres). Let us consider the standard action of SU, 1 on C"*L1. This
induces an action on the unit sphere

St — [z e C" i (z,2) = 1},

where (-,-) denotes the Hermitian inner product of C"tt. Since SU, .1 sends any Hermitian
orthonormal basis into any other Hermitian basis, a similar argument as in Example 6.2, shows
that the action of SU, 11 is transitive on S*" 1. The isotropy of (1,0,---,0) € S+ js

1]0 -
= {(H8) aesu)=su,

Example 6.5 (Complex projective spaces). Let us consider the standard action of SUp41 on
C"*l. This induces an action on the complex projective space

CP™ = {C-lines passing through the origin of C" '}
Since SUy,11 sends any Hermitian orthonormal basis into any other Hermitian basis, a similar
argument as in Example 6.2, shows that the action of SU,,41 is transitive. The isotropy of [1: 0 :
-1 0] € CP™ is

i ‘
K= {( 60 91 ) :AeU,, 0cl0,2r], where e det A = 1} = SU; x Uy,) 2 U,.

Exercise 6.6. Prove that the real hyperbolic space RH™ can be seen as homogeneous space as
S0,,,1/50,,, where SO,, 1 are the linear transformations of determinant one preserving the inner
product of the Minkowski space R™1!.

6.1.1 Fundamental vector fields and isotropy representation

To have a better understanding of homogeneous spaces we need to make Lie algebras come into
play. In order to that, first let us compute the differential of the submersion 7: G — G/K, which
maps every g € G to gK € G/K. Then, the differential of 7 at e € G is dm.: g — T,G/K, where
o=eK. Let X € g, then (dr).(X) = %It:o(w(Exp(tX))) = %lt:O(EXp(tX)o). Observe that

given X € g, we obtain a vector field X* defined on G/K given by

. d
X*(p) = %‘t_O(Exp(tX)p) for every p € G/K.

The vector field X* is called fundamental vector field associated with X € g. Let us denote
by ;X (p) = Exp(tX) - p the flow of X*. Notice that this flow is by isometries so X* is a Killing
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vector field. Thus in this case one has [X*,Y*] = —[X, Y]*. Indeed, by the definition of the Lie
derivative,

d d d
X* V¥, = — XVox Vi = — —  Exp(—tX)(Exp(sY)(Exp(tX) -
[X*, Y7, dtlt:O(dG—t)Gt ®YoX ) = Gt o ds oo xp(—tX)(Exp(sY)(Exp(tX) - p))
d d d
- 2 Exp(—tX))(Exp(sY) - p) = — Ad(Exp(—tX))Y)*
0t o ds ooC PPN ER(sY) - p) = 30 (Ad(Exp(—tX))Y);
d

_ —tadx * *
= dt|t=0(e Y), =-[X,Y];.

Furthermore, from this, we obtain that (dr).(¢) = 0, where ¢ is the Lie algebra of K. Thus,
dim G/K = dim G — dim K, since (dr). is surjective by Proposition 6.1.

One of the special things of Riemannian homogeneous spaces G/K among general homoge-
neous spaces is that they admit a reductive decomposition [6, Proposition 1.48]. A reductive
decomposition of G/K is a splitting of the Lie algebra g as follows:

g=tdp, with Ad(k)p Cp,

where p is some linear subspace of g and £ is the Lie algebra of K. Notice that this implies
that the restriction of the adjoint representation of G to K defines a representation of K in the
subspace p.

Now we will introduce a representation which is key in the understanding of homogeneous
spaces. Let o € G/K and take k € K. We will also denote by k the map k: G/K — G/K which is
defined via gK — (kg)K.

Definition 6.7. The isotropy representation is the homomorphism of groups K — GL(T,G/K)
given by
ke K (dk)o: T,G/K = T,G/K.

Thus, we have just defined two representations of K in p. It turns out that they are equivalent.
This will allows us to identify the subspace p of a reductive decomposition of M = G/K with
T,M where o = eK. Let X € p, then

(dr)e(Ad(K)X) = %‘tZO(EXp(t Ad(RY)K)) = %‘tzo(k Exp(tK)k~'K) = %‘tzo(k Exp(tK)K)

= (dk)o(dm)e(X).

In other words the map (dm). gives an equivalence between the adjoint representation of G
restricted to & on p and the isotropy representation of p and we have proved.

Proposition 6.3. Let M = G/K be a homogeneous space with reductive decomposition g = €D p.
Then, the adjoint representation of G restricted to K on p and the isotropy representation of p
are equivalent.

A first consequence of the previous equivalency is that we have an easy way to parametrize
the G-invariant metrics of a homogeneous space, see [1, Proposition 5.1].

Proposition 6.4. Let M = G/K be a Riemannian homogeneous space with reductive decompo-
sition g =t ® p. Then, there is a one to one correspondence between G-invariant metrics on M
and Ad(K)-invariant inner products on p.

In particular, from the proof of the previous proposition one deduces that ((dm).(X), (dm).(Y))
((dm)e(Ad(k)X), (dm)(Ad(K)Y)) = (X,Y) for every X, Y € p and k € K.
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Exercise 6.8. Consider the Berger sphere S*"*1 = SU,,1/SU,, as described in Example 6./,
and take as reductive complement the matrices given by

p:{( m* v ):veC”,xeR}Csum
—v* | —ix

where (-)* denotes the conjugate transpose of a matriz with coefficients in C.

Prove that the isotropy representation of this space splits as a direct sum of two irreducible
representations of dimension 1 and 2n, respectively. Use Proposition 6.3 to prove that there is
exactly a 1-parameter family of SU,1-invariant metrics on Berger spheres (up to homothety).

The following lemma gives an infinitesimal characterization of Riemannian homogeneous
spaces in terms of Killing vector fields.

Lemma 6.9. Let M be a connected Riemannian manifold. Then, the following statements are
equivalent:

i) M is homogeneous.

it) There exists some point p € M such that T,M is spanned by Killing vector fields of M
evaluated at p.

iii) For every p € M, T,M is spanned by Killing vector fields of M evaluated at p.

Proof. Let M = G/K be a homogeneous space with reductive decomposition g = ¢ @ p corre-
sponding to some point o € M. Notice that p is identified with T, M. Thus, the fundamental
vector fields induced by elements of p, when evaluated at o, span T, M.

If M is a Riemannian manifold and there is a point p € M such that T}, M is spanned by the
Killing vector fields evaluated at p, then there exists some open neighborhood U of p such that
every point in U lies on an integral curve of a Killing vector field. This implies that the orbit of
p by the action of the isometry group is open. However, since it is also closed, we have that the
isometry group acts transitively on M. O

6.1.2 The Levi-Civita of a homogeneous space and the canonical connection

In this section, we will compute the Levi-Civita connection of a Riemannian homogeneous space.
This will allow us to compute the curvature tensor which is essential for the understanding of
totally geodesic submanifolds.

Before moving to the computation of the Levi-Civita connection, recall that a Killing vector
field X € X(M) is characterized by the equation

(VyX,Z)+(VzX,Y)=0 foreveryY,Z € X(M).
Then if X € X(M) is a Killing vector field we have
2(VxY,Z) =(X,Y],Z) + (X, Z],Y) + (X,[Y, Z]) foreveryY,Z e X(M). (5)

Let M = G/K, fix a basepoint 0 = eK € M, and a reducrtive decomposition g = ¢ @ p. Let us
consider the tensor U: p X p — p, determined by

2U(X,Y), 2y =(Z,X],Y)+ ([Z2,Y],X) forevery X,Y,Z €p.

A reductive decomposition g = £ @ p is said to be naturally reductive if U = 0. Moreover, a
Riemannian homogeneous space (M, g) equipped with a transitive action by G is said naturally
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reductive if it admits a naturally reductive decomposition. Then, the Levi-Civita connection at
o0 is given by

1
(VXY™), = (—§[X, Y], +U(X,Y)); forevery X,Y €p, (6)
where -, denotes the orthogonal projection to p. Let us prove Equation (6). Let X,Y,Z € p.
Recall that fundamental vector fields associated are Killing. Then, using Equation (5), and the
fact that [X*,Y*] = —[X,Y]*, we have
2AVxY™, Z%) = (X, Y], Z27) = ([X, Z]", V™) — (X", [\, Z]")
_<[XaY]7 Z> - <[X7 Z]7Y> - <Xa [K Z]>

where XY, Z € p. Consequently, one gets Equation (6).

Another connection that plays an important role in the study of homogeneous spaces is the
canonical connection. Let M = G/K be a homogeneous space with basepoint 0 = eK € M and
reductive decomposition g = € @ p. Then, we define the canonical connection as the unique
G-invariant connection on M such that its value at o € M is given by

(V& Y")o = (—[X,Y]p); X, Y ep.

o

It is worth to compare the Levi-Civita connection with the canonical connection. To do so,
one defines the difference tensor D = V — V¢, This is a tensor, as it is the difference of two
connections.

Exercise 6.10. For a Riemannian homogeneous space M = G/K with reductive decomposition
g =Etdp, the following conditions are equivalent:

i) the reductive decomposition g = €@ p is naturally reductive,
i1) the difference tensor D is skew-symmetric,
i) the geodesics of V and V¢ coincide.

Finally, one can compute the curvature tensor by using Equation 6. We have the following
expression

Ro(X,Y)Z = DxDyZ — DyDxZ — Dixy),Z — [[X, Y]y, Z], where X,Y,Zep. (7)

Exercise 6.11. Consider Berger spheres S*"*! = SU,,1/SU,, with the reductive complement p
given in Exercise 6.8. Let py and p1 be the SU-invariant subspaces of p of dimensions 1 and 2n.
For each 7 > 0, we define the Ad(SU,,)-invariant inner product on p given by

(X,Y), =7B(X° V") + B(X', YY), forall X,Y €p,

where ()0, and (-)! denote the orthogonal projection onto pgy, and p1, respectively; and B is the
scalar product given by B(X,Y) = —tr(XY), for all X, Y € su,41. Find 7 > 0 so that the metric
(-,-)7 corresponds to the round metric of S>"+1.

6.2 Totally geodesic submanifolds in homogeneous spaces

In this section, we prove some results concerning totally geodesic submanifolds in homogeneous
spaces. The first result shows that totally geodesic submanifolds of homogeneous spaces are
again homogeneous spaces.
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Proposition 6.5. Let M be a_homogeneous Riemannian manifold and let M be a complete
totally geodesic submanifold of M. Then, M 1is homogeneous.

Proof. Let X be a Killing vector field of M. Thus, for each p € M, we have the orthogonal
decomposition
X(p) =XP)r,m + X (p)y,na for every p e M,

where X(p)r,n and X(p)y,m denote the orthogonal projections of X(p) to T,M and v, M,
respectively. Since X is a Killing vector field of M, for each Y € T'(T'M), we have

0=(VyX,Y) = (VyXra,Y)+ (VyXurn,Y) = (Vy Xrar, Y),

since M is totally geodesic. Thus, the tangential projection of a Killing vector field of M to M,
when restricted to M, is a Killing vector field of M, since M is complete. The tangent space of
M at every point of M is generated by Killing fields of M, implying that the tangent space of
M at every point is generated by projecting these Killing vector fields. Hence, by Lemma 6.9,
M is homogeneous. O

A submanifold ¥ of a Riemannian manifold M is extrinsically homogeneous if given two
points p, g € ¥ there is always an isometry g € Isom(M) such that gp = ¢ and ¢g> = 3.

Notice that complete totally geodesic submanifolds of M are intrinsically homogeneous, but
they are not necessarily extrinsically homogeneous. However, the connected components of the
fix point set of any collection of isometries are extrinsically homogeneous submanifolds, see [5,
Lemma 9.1.1]. This shows once again that the fixed points sets of isometries provide the most
natural and well-behaved examples of totally geodesic submanifolds. We will give a proof in the
case of homogeneous spaces.

Proposition 6.6. Let M = G/K be a Riemannian homogeneous space and S C G a subset.
Then, every connected component of Fix(S) is an extrinsically totally geodesic submanifold of

M. In particular, if p € X, then ¥ = Gx, - p, where Gy, = {g € G: g¢p =g for all ¢ € S}.

Proof. First of all, by Theorem 3.6, we have that connected components of Fix(S) are totally
geodesic in M.

Now, notice that Gy acts on X. Indeed, let ¢ € Gy and p € X, then gp = gyp = gp for all
1 € S. Thus, gp € ¥, and Gy - p C 2. Now we will prove that Gy - p = 3.

In order to do so, it is enough to check that T,X = T,(Gyx - p). We claim that T,X = {v €
T,M : (d)pv = v for all ¢ € S}. Let us assume that v € T,M is such that (dy),v = v for
all v € §. Take a geodesic v of M starting at p € M with velocity v € T, M. Then, for
each ¢ € S. 1y is a geodesic with initial point ¢¥y(0) = ¥p = p and with initial velocity
%It:ow'y(t) = (d¢),(¥(0)) = (d¢))p(v) = v. Thus, by uniqueness ¢y = ~ for every ¢ € S,
and thus v belongs to X, so v € T,X. Conversely, if v € T3, then there is a smooth curve
a: (—e,e) = 3 such that a(0) = p and &(0) = v. Differentiating on both sides we get

d

v = 0[(0) = %‘t:o

($a(t)) = (d),(@(0)) = (d)yv for all ¥ € S.

Now we claim that the Lie algebra of Gy is gy = {X € g : Ad(¢)X = X forall ¢ € S}.
Indeed, let v(t) = Exp(tX) where X € gsx. Then, Exp(tX) = Cy Exp(tX). Differentiating
on both sides, we get X = %\t:o Exp(tX) = %‘tzo(cw Exp(tX)) = Ad(x))X. Finally, (dr)e
restricted to p gives an isomorphism onto 7, M. Then, for each v € T,3, we can find some
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X, € p such that (dn).(X,) = v. Let us check that X, € gx, so then pNgy = T,X.

d

(dm)e(Xo) = v = (d)pv = () (dm)e(Xo) = ()

Exp(tX,) - p

d _ d
= —  YExp(tX, )Y ' p=— Exp(t Ad(¢)X,) - p = (dm)e(Ad(¥) X,).
dt |t=0 dt |t=0
Since (dm). restricted to p is injective, we conclude that X, € gs. Consequently, since p N gx =
T,%, we have that T,Gy, - p = T,,3, and thus Gy, -p =3, as ¥ C Gy - p. O

The following gives a sufficient condition for a subspace of g to exponentiate to a totally
geodesic submanifold.

Proposition 6.7 (Olmos, Rodriguez-Vézquez, [25]). Let M = G/K be a Riemannian homoge-
neous space with base point o = eK € M and reductive decomposition g = €@ p. Let py be a
subspace of p invariant under D and R. Then, there is a complete totally geodesic submanifold
3 of M such that T, X = px, given by ¥ = exp, ps, where px; is identified with a subspace of T, M
in the standard way.

Proof. Notice that Riemannian homogeneous spaces are complete, and real analytic Riemannian
manifolds. The covariant derivatives of the curvature tensor can be expressed in terms of D
and R. Indeed, by [19, Proposition 2.7, Chapter X] the curvature tensor R of a Riemannian
homogeneous space M = G/K satisfies V°R = 0, since it is G-invariant. Let g = ¢® p be a
reductive decomposition for M = G/K. Then, using the definition of the difference tensor and
the identification of p with T,M we have

(VvR)(X,Y,Z) = (Vv — V{)R)(X,Y, Z)
= DyR(X,Y)Z - R(DyX,Y)Z — R(X,DyY)Z - R(X,Y)Dy Z,

where XY, Z,V € p.

Hence, every subspace py; of p invariant under D and R is invariant under every covariant
derivative of R, which implies by Theorem 4.4 that py is the tangent space of some totally
geodesic submanifold of M and ¥ = exp, px is a complete totally geodesic submanifold of M,
where exp, denotes the Riemannian exponential map of M at o, this yields the desired result. [

We remark that Proposition 6.7 provides a sufficient condition to obtain totally geodesic
submanifolds in homogeneous spaces in terms of a linear algebraic property. However, this
condition does not need to be necessary.

6.3 Symmetric spaces and totally geodesic submanifolds

In this section we will discuss symmetric spaces from the point of view of Riemannian geometry.
Let us begin by introducing the definition of a symmetric space.

Symmetric spaces arise in a broad diversity of situations in both Mathematics and Physics.
Their origin goes back to the following question posed by Cartan in 1926:

‘Which are the Riemannian manifolds whose curvature tensor R
is preserved by parallel transport along any curve?

This property is equivalent to the equation VR = 0, and the spaces satisfying this property are
intimately related to symmetric spaces. Indeed, every Riemannian manifold satisfying VR = 0
is locally isometric to a symmetric space. Cartan achieved a complete classification of symmetric
spaces in [7]. For a detailed exposition of the theory of symmetric spaces one can follow [15],
[27], and [28].
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6.3.1 Some basic properties of symmetric spaces
We start by introducing the notion of symmetric space.

Definition 6.12. A Riemannian manifold M is a symmetric space if it is connected, and for
each p € M, there exists an isometry ¢, € Isom(M) such that its differential at p is —Id on
T,M.

The isometry (, is called the global symmetry of M at p, as it reverses the geodesics

passing through p.
We now show some examples of symmetric spaces.

Exercise 6.13.
1) Euclidean spaces R™. For each point p, the map

Cp: R — R7
r +— —x+2p,

is clearly an isometry since it is the composition of a rotation and a translation, and its differential
at p is —1Id. Therefore, (p, is a global symmetry of R™ at p.

2) Spheres S™. For each point p € S™ C R™"*L consider

Cp: S — S
x — —x+ 2(x,p)p,

where (-,-) denotes the usual scalar product in R" 1. Thus, it is an isometry since ¢, € O(n+1).
Moreover, the differential of ¢, at p is —Id on T,,S™. Therefore, (, is a global symmetry of S™
at p.

3) Hyperbolic spaces RH™. For each point p € RH™ C R?H, consider

¢: RH" —» RH"
T —  —x—2(z,p)p,

where (-, -) denotes the scalar product in R" 1. The map ¢, is an isometry since ¢, € O(1,n+1).
Moreover, the differential of ¢, at p is —Id on T,RH™. Therefore, ¢, is a global symmetry of
RH™ at p.

4) Compact Lie groups. Let G be a compact Lie group. It is known that every compact Lie group
admits a bi-invariant metric. Let us equip G with a bi-invariant metric, meaning for each
g € G, we have Ly, R, € Isom(G). Then the map C.(g9) = g~*,g € G, is a global symmetry at
the neutral element e, as it is a diffeomorphism whose differential at e is —1d on T.G. Given

g € G, consider the map
Cg:=Rgo(c0oLg.

On one hand, (4 is an isometry since it is a composition of isometries. On the other hand,
Cq(9) = g, and the differential of {5 at g is —Id on TyG. Therefore, (, is a global symmetry of
G atg.

As we pointed out in the introduction of this section, symmetric spaces satisfy VR = 0.
Indeed, let p € M, and X,Y,Z,V € T,M. Then,

—(VR)x(Y,Z, W) = (dC)p(VR)x (Y, Z, W) = (VR)(a¢), x ((dQ),Y, (dC)p Z, (dC), W)
= (VR)_x(-Y,—Z,-W) = (VR)x (Y, Z,W).
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Furthermore, one can prove that a simply connected, complete, Riemannian manifold satisfying
VR =0 is symmetric, see [29, p. 225].

The following theorem shows a very important property of symmetric spaces: their complete-
ness.

Proposition 6.8. Every symmetric space M is complete.

Proof. Let M be a symmetric space, and suppose it is not complete. Then, there exist p € M
and v € T,M such that ~,: [0,b) — M with 7,(0) = p, is a maximal geodesic for some b € R.
Let ¢ = 7,(3b). Combining (t) = (4 0 7,(t) with 7, (t), we obtain a geodesic that extends 7,
contradicting its maximality. O

A fundamental property of symmetric spaces is that they are homogeneous.
Proposition 6.9. Every symmetric space M is a homogeneous space.

Proof. Let p,q € M. Since M is symmetric and complete, there exists a geodesic segment
connecting p to q. Let o € M be the midpoint of the segment. We have (, € Isom(M), which
maps p to g. Therefore, M is a homogeneous space. O

As symmetric spaces are homogeneous, they have right to a reductive decomposition, which
turns out to be so special. Let us compute its reductive decomposition. Let (M, g) be a sym-
metric space and G = Isom(M)° the connected component of Isom (M) that contains the neutral
element. We have that G is a Lie subgroup of Isom(M). Let p € M and ¢, € Isom(M), the
geodesic symmetry of M at p. Let K be the isotropy group of G at p, which is compact. The
set G/K is diffeomorphic to M via the map

®: G/K — M
gK — g(p).

Thus, if we consider the metric h = ®*g on G/K, ® is an isometry and the metric h is G-
invariant, that is, the map gK + hgK is an isometry for each h € G. The isotropy represen-
tation of M = G/K at p is the orthogonal representation defined by K x T,M — T, M, such
that (k,v) — dk,v. A symmetric space M = G/K is irreducible if its isotropy representation
restricted to K°, the connected component of K that contains the neutral element, is an irre-
ducible representation. Otherwise, a symmetric space is said to be reducible. It is known that
M is irreducible if and only if M, the universal covering of M, is irreducible.

The map 0: G — G, such that g — (,g(, is an involutive automorphism of G. Moreover,
GY Cc K C G,, where G, = {g € G : 0(g9) = g} and GY is the connected component con-
taining the neutral element of G,. If G is a connected Lie group, K a compact subgroup, and
there exists an involutive automorphism o of G such that G9 ¢ K C G, the pair (G, K) is
called a symmetric pair. Furthermore, we say that the symmetric pair (G, K) is an effective
symmetric pair if the action of G on M = G/K is effective.

Let 6 be the differential of o at e € G. The Lie algebra of K is given by

t={Xeg:0(X)=X}

and we define
p={Xeg:0X)=-X}.

It follows that 6 is a Cartan involution of g and that g = €@ p is the Cartan decomposition of g
with respect to 6. The rank of M is said to be the maximum dimension of an abelian subspace
of p. Since 0 is an involutive automorphism of g we have:

e, €] C ¢, [&,p] Cp, and [p,p].
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This implies that U vanishes identically, so symmetric spaces are naturally reductive, and their
Levi-Civita connection at fundamental vector fields at o € M is zero. Moreover, the difference
tensor D also vanishes identically, thus using Equation (7), the curvature of a symmetric space
is given by

R,(X,Y)Z =-[[X,Y],Z], where X|Y,Z €p. (8)

6.3.2 Totally geodesic submanifolds in symmetric spaces

Let ¥ be a connected totally geodesic submanifold of a symmetric space M = G/K. By the
homogeneity of M, we can assume without loss of generality that o € ¥. By Theorem 4.4 and
the fact that symmetric spaces have parallel curvature tensor, a totally geodesic submanifold ¥
of M with o € ¥ and V =1T,% C T,M exists if and only if V C T,M is curvature invariant.
This means that R,(V,V)V C V., where R is the Riemannian curvature tensor of M. By
Equation (8) we can write the curvature tensor of M at o as

R,(X,Y)Z =—[[X,Y],Z], for X,Y,Z € T,M.

Thus, a subspace V' C p is curvature invariant if and only if [X, Y], Z] € V for every XY, Z € V.
A subspace V of p with this property is called a Lie triple system in p. Hence, there is a one-to-
one correspondence between Lie triple systems V in p and complete totally geodesic submanifolds
Y in M containing o € M.

Exercise 6.14 (Totally geodesic submanifolds of the complex projective space CP™). Prove that
CP™ is a symmetric space and use the characterization of totally geodesic submanifolds in terms
of Lie triple systems to prove that their totally geodesic submanifolds are either: CP*, or RP¥
with k < n.

References

[1] A. Arvanitoyeorgos, An introduction to Lie groups and the geometry of homogeneous spaces.
Student Mathematical Library, 22. American Mathematical Society, Providence, RI, 2003.

[2] Y. Bazaikin, On a certain family of closed 13-dimensional Riemannian manifolds of positive
curvature, Sib. Math. J. 37 No. 6 (1996), 1219-1237.

[3] L. Bérard Bergery, Les variétés riemanniennes homogenes simplement connexes de dimension
impaire & courbure strictement positive, J. Math. Pures Appl. (9) 55 (1976), no. 1, 47-67.

[4] M. Berger, Les variétés riemanniennes homogénes normales simplement connexes & courbure
strictement positive, Ann. Scuola Norm. Sup. Pisa CL Sci. (3) 15 (1961), 179-246.

[5] J. Berndt, S. Console, C. Olmos, Submanifolds and holonomy. Second edition, Monographs
and Research Notes in Mathematics, CRC Press, Boca Raton, FL, 2016.

[6] G. Calvaruso, M. Castrillén Lépez, Pseudo-Riemannian homogeneous structures. Develop-
ments in Mathematics, 59. Springer, Cham, 2019.

[7] E. Cartan, Sur une classe remarquable d’espaces de Riemann, Bull. Soc. Math. France, 54
(1926), 214-264.

[8] J. Cheeger, D. Gromoll, On the structure of complete manifolds of nonnegative curvature,
Ann. of Math. (2) 96 (1972), 413-443.

33



[9] O. Dearricott, A 7-manifold with positive curvature, Duke Math. J. 158 (2011), no. 2, 307—
346.

[10] J. Eschenburg, New examples of manifolds with strictly positive curvature, Invent. Math.
66 (1982), no. 3, 469-480.

[11] T. Frankel, Manifolds with positive curvature, Pacific J. Math. 11 (1961), 165-174.
[12] C. Gorodski, Topics in polar actions, arXiv:2208.03577.

[13] K. Grove, L. Verdiani, W. Ziller, An exotic 71S* with positive curvature. Geom. Funct.
Anal. 21 (2011), no. 3, 499-524.

[14] R. Hamilton, Three-manifolds with positive Ricci curvature, J. Differential Geometry 17
(1982), no. 2, 255-306.

[15] S. Helgason, Differential geometry, Lie groups, and symmetric spaces, Pure and Applied
Mathematics, 80. Academic Press, Inc. [Harcourt Brace Jovanovich, Publishers|, New York-
London, 1978.

[16] R. Hermann, Existence in the large of totally geodesic submanifolds of Riemannian spaces,
Bull. Amer. Math. Soc. 66 (1960), 59-61.

[17) W. Y. Hsiang, B. Kleiner, Bruce, On the topology of positively curved 4-manifolds with
symmetry, J. Differential Geom. 29 (1989), no. 3, 615-621.

[18] S. Kobayashi, K. Nomizu, Foundations of differential geometry. Vol. II. Reprint of the 1969
original. Wiley Classics Library. A Wiley-Interscience Publication. John Wiley & Sons, Inc.,
New York, 1996.

[19] S. Kobayashi, K. Nomizu, Foundations of differential geometry. Vol. II. Interscience Tracts
in Pure and Applied Mathematics, No. 15 Vol. IT Interscience Publishers John Wiley & Sons,
Inc., New York-London-Sydney (1969).

[20] A. W. Knapp, Lie groups beyond an introduction, Second edition. Progress in Mathematics,
140. Birkh&user Boston, Inc., Boston, MA, 2002.

[21] J. M. Lee, Introduction to smooth manifolds. Second edition. Graduate Texts in Mathemat-
ics, 218. Springer, New York, 2013.

[22] J. M. Lee, Introduction to Riemannian manifolds. Second edition of [MR1468735]. Graduate
Texts in Mathematics, 176. Springer, Cham, 2018.

[23] T. Murphy, F. Wilhelm, Random manifolds have no totally geodesic submanifolds, Michigan
Math. J. 68 (2019), no. 2, 323-335.

[24] S. B. Myers, N. E. Steenrod, The group of isometries of a Riemannian manifold, Ann. of
Math. (2) 40 (1939), no. 2, 400-416.

[25] C. Olmos. A. Rodriguez-Vézquez, Hopf fibrations and totally geodesic submanifolds, to
appear in J. Fur. Math. Soc., arXiv:2302.11711v2.

[26] A. Petrunin, PIGTIKAL (puzzles in geometry that I know and love). Association for Math-
ematical Research Monographs, 2. Association for Mathematical Research, Davis, CA, 2022.

34



[27] O. Loos, Symmetric spaces. I: General theory. W. A. Benjamin, Inc., New York-Amsterdam,
1969.

[28] O. Loos, Symmetric spaces. II: Compact spaces and classification. W. A. Benjamin, Inc.,
New York-Amsterdam, 1969.

[29] B. O’Neill, Semi-Riemannian geometry with applications to relativity. Academic Press, 1983.

[30] N. Wallach, Compact homogeneous Riemannian manifolds with strictly positive curvature,
Ann. of Math. (2) 96 (1972), 277-295.

[31] B. Wilking, Torus actions on manifolds of positive sectional curvature, Acta Math. 191
(2003), no. 2, 259-297.

35



